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The Plancherel decomposition 

for a reductive symmetric space 

I. Spherical functions 
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Abstract 



We prove the Plancherel formula for spherical Schwartz functions on a 
reductive symmetric space. Our starting point is an inversion formula for 
<""] ■ spherical smooth compactly supported functions. The latter formula was 

earlier obtained from the most continuous part of the Plancherel formula 
by means of a residue calculus. In the course of the present paper we 
also obtain new proofs of the uniform tempered estimates for normalized 
Eisenstein integrals and of the Maass-Selberg relations satisfied by the 
■^1- . associated C-functions. 
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1 Introduction 

In this paper and its sequel |15| we determine the Plancherel decomposition 
for a reductive symmetric space X = G/H. Here G is a real reductive Lie 
group of Harish-Chandra's class and H is an open subgroup of the group G a 
of fixed points for an involution a of G. In the present paper we establish the 
Plancherel formula for X-nnite (spherical) Schwartz functions on X, with K a a- 
invariant maximal compact subgroup of G. In [15] we shall derive the Plancherel 
decomposition, in the sense of representation theory, from it. 

The space X carries a G-invariant measure dx; accordingly the regular rep- 
resentation L of G in i 2 (X) is unitary. The Plancherel decomposition amounts 
to an explicit decomposition of L as a direct integral of irreducible unitary rep- 
resentations. The reductive group G is a symmetric space of its own right, for 
the left times right action of G x G. In this 'case of the group', the explicit 
Plancherel decomposition was obtained in the sixties and early seventies in the 
work of Harish-Chandra, see [301, [3T], (32). His ideas, in particular those on the 
role of Eisenstein integrals and the Maass-Selberg relations satisfied by them, 
have been a major influence in our work. On the other hand, our approach to 
the Plancherel formula is via a residue calculus, and thus in a sense closer in 
spirit to the work of R.P. Langlands on the spectral decomposition in the theory 
of automorphic forms, see [3"7| . 

The results of this paper and JS] were found and announced in the fall of 
1995 when both authors were visitors of the Mittag-LefHer Institute in Djur- 
sholm, Sweden. At the same time P. Delorme announced his proof of the 
Plancherel theorem. His results have appeared in a series of papers, partly 



in collaboration with J. Carmona, ^!5]> E3I- [21] • At the time of the announce- 
ment we relied on the theorem of Carmona and Dclorme on the Maass-Selberg 
relations for Eisenstein integrals, [T^l, Thm. 2, which in turn relied on Delorme's 
paper |S3] . On the other hand, we also announced the proof of a Paley- Wiener 
theorem for reductive symmetric spaces, generalizing Arthur's theorem for 
the case of the group. The proof of the Paley- Wiener theorem has now appeared 
in ^B], which is independent of the present paper and ^5]- The present paper 
as well as ^3] and ^Hl rer y on [13 an d [T%| - 

Since the time of announcement we have been able to derive the Maass- 
Selberg relations from those associated with the most continuous part of the 
decomposition; these had been obtained earlier in 0,0. The resulting proof of 
the Plancherel theorem in the present paper and JS| is independent of the one in 
|24|; moreover, it follows a completely different approach. Finally, we mention 
that T. Oshima has announced a Plancherel formula in j^H], p. 604, but the 
details have not appeared. For a more extensive survey of recent developments, 
we refer the reader to \1'3\ . 

For Riemannian symmetric spaces, the Plancherel formula is due to Harish- 
Chandra |2Z] and [5Sj, p. 48. Later, it became incorporated in the above men- 
tioned formula for the group. For further results in harmonic analysis on Rie- 
mannian symmetric spaces, we refer the reader to the references given in |35| . 

For reductive symmetric spaces of type G C /G R , the Plancherel formula is due 
to P. Harinck, [2^1 • Earlier, the Plancherel decomposition had been determined 
for specific non-Riemannian spaces of rank one, by V.F. Molchanov, J. Faraut, 
G. van Dijk and others; see [33], P- 185, for references. 

Wc first give a rough outline of the contents of this paper and its sequel |15j . 
The following global picture should be kept in mind. We first concentrate on 
the Plancherel formula for iiT-finite functions, with K C G a maximal compact 
subgroup that is chosen to be er-stable. The latter condition is equivalent to the 
condition that the Cartan involution 9 determined by K commutes with a. The 
building blocks of the formula will be discrete series representations of X and 
generalized principal series of the form Indp(£ ® v ® 1), with P = MpApNp a 
cr#-stable parabolic subgroup of G with the indicated Langlands decomposition, 
£ a discrete series representation of Xp: = Mp/Mp n H and v contained in the 
space ia P of unitary characters of Ap/Ap n H. For purposes of exposition this 
introduction is written under the simplifying assumption that the number of 
open if -orbits on P\G is one. In general the open orbits are parametrized by 
a finite set P W of representatives, and then one should take for £ the discrete 
series representations of all the spaces Xp tV : = Mp/Mp n vHv~ x , v E P W. 

In ^U] we obtained the most continuous part of the Plancherel decomposi- 
tion; this is the part built up from representations obtained by induction from a 
minimal u^-stable parabolic subgroup Pq = M A N . Here M /M C\H is com- 
pact, so the theory of the discrete series did not critically enter at this stage. 
On the level of /^-finite functions the most continuous part of the formula is 
described via a Fourier transform J-q, which in turn is defined in terms of Eisen- 
stein integrals E° (Pq : A) . The latter are essentially matrix coefficients of the 
principal series induced from Pq and behave finitely under the action of the 



algebra B(X) of invariant differential operators on X. 

From the most continuous part of the Plancherel decomposition we derived in 
[T2] a Fourier inversion formula for functions in C£° (X : r) , the space of smooth 
compactly supported r-spherical functions on X, with r a finite dimensional 
unitary representation of K. This formula expresses a function / in terms of the 
meromorphic extension of Tof to the complexihcation of idp q . 

The strategy of the present paper is to put the inversion formula in a form 
that makes it valid for functions in the Schwartz space C(X: r). This requires 
the introduction of Eisenstein integrals E°(P: v), for imaginary v G ia* P , via 
residues of the Eisenstein integrals E° (Po : • ) . To show that these residual Eisen- 
stein integrals define Fourier transforms on the Schwartz space we need the 
Maass-Selberg relations. It is here that the theory of the discrete series, initi- 
ated by M. Flensted- Jensen in |5S] and further developed by T. Oshima and T. 
Matsuki in 0Ojj enters. In our proofs we do not need the full classification of the 
discrete series. However, for the theory of the constant term developed in [T7j 
to apply, both the necessity of the rank condition and the fact that the infinites- 
imal B(X)-characters of discrete series representations are real and regular (see 
Theorem 116. II due to EODi pl av a crucial role. 

The resulting inversion formula for Schwartz functions is called the spheri- 
cal Plancherel formula, see Theorems 121.21 and 123.11 It naturally leads to the 
spherical Plancherel formula for i 2 -functions, Theorem 123.41 The present pa- 
per finishes at this point, where it is not yet clear that the residual Eisenstein 
integrals are related to induced representations. This fact will be established in 
the second paper JH1 by using the vanishing theorem of ^3] . The contributions 
of all K-types can then be collected and lead to the representation theoretic 
Plancherel formula. At the end of the second paper it will also be shown that 
the residual Eisenstein integrals E° (P : v) equal the normalized Eisenstein in- 
tegrals introduced in Delorme's paper |52]. The idea is to use the automatic 
continuity theorem of W. Casselman and N.R. Wallach (HOL |43j ) to show that 
the residual Eisenstein integrals are matrix coefficients. An asymptotic analysis 
then completes the identification. 

We shall now give a more detailed outline of the present paper. The first 
few sections concern preliminaries. In particular, in Section [S] we specify the 
normalizations of the residual operators and the measures used in the rest of 
the paper. In Section we give a formulation of the vanishing theorem of [14| . 
in a form suitable for this paper. Let a q be a maximal abelian subspace of p (~l q, 
the intersection of the —1 eigenspaces in g for 9 and a, respectively. Let V a 
denote the set of cr^-stable parabolic subgroups of G containing ^4 q : = expa q . 
For each Q G V a we introduce a space £ Q yp (X: r) of families {f u } of spherical 
generalized eigenfunctions on X, depending meromorphically on the parameter 
v G ttQqc- Here ciQ q : = oq n q. The vanishing theorem asserts that f v =0 for 
all v, as soon as the coefficient of e v ~ PQ in the asymptotic expansion along Q 
vanishes, for all v in a non-empty open subset of Oq . 

In Section[S]we recall the inversion formula of ^2]- Let E be the root system 
of a q in g and let W be the associated Weyl group. Let A be the system of 



simple roots associated with the minimal element Pq from V a . For each FcA, 
let P F = M F A F N F denote the associated standard parabolic subgroup in V a . 
Then the inversion formula is of the form 



/= E*«) T £/> 



_FCA 



where 



T F f(x) = t(a Fa )\W\ / K F ( V :x:y)f(y)dydu F (v). (1.1) 



i Fq_) 

Here t is a choice of IF-invariant even residue weight on E and e F is an element 
of F , sufficiently close to zero (if F = A, we may take e F = 0). Moreover, 
d/j,i? is a suitable choice of Lebesgue measure on ia F + e F . The kernel func- 
tions K F {y : x : y) £ End(Kr) are obtained from residual operators acting on a 
combination of normalized and partial Eisenstein integrals for Po, see J2] f° r 
details. They are meromorphic in the variable v £ &n qc and smooth spherical 
and B(X)-finite in both of the variables x, y £ X. Essentially, the idea is that 
the kernel K F determines the projection onto the part of L 2 (X : r) determined 
by the induction from the standard parabolic subgroup Pp. 

To make the above formula valid for Schwartz functions it is necessary to 
establish it with sp = 0, for every F. This can be achieved by using Cauchy's 
formula, once we have established the regularity at ia F of the kernel functions 
K F (v,x,y) in the variable v. In addition to this we need estimates that are 
tempered in the variables x, y with uniformity in v £ iaU . All this is taken care 
of by a long inductive argument, that ranges over the Sections [T2"l- 12 II We shall 
describe the structure of the argument, which goes by induction on the er-split 
rank of G, at a later stage in this introduction. 

In Section [!|] we recall the definition of the generalized Eisenstein integral 
E° F (v), for v £ a* Fqc . In 12 , Def. 10.7, see also Q3|, Remark 16.12, this Eisen- 
stein integral was defined by means of a linear combination of residual operators 
(a so called Laurent functional) applied to the Eisenstein integral E°(Pq: A) 
with respect to the variable A. As a family in the parameter v, the generalized 
Eisenstein integral belongs to £ P yp (X : r). Hence, in view of the vanishing theo- 
rem, it can be characterized uniquely in terms of its asymptotic behavior along 
P F ; see Theorem 19. 31 

In Corollary 110.61 we show that the generalized Eisenstein integral is tem- 
pered for regular imaginary values of v. This fact can be derived from a limita- 
tion on the asymptotic exponents, see Theorem ll0.5l caused by the support of 
the residual operators. Here Thm. 3.15 of JI] is crucial. In the next section, 
in Proposition II 1 . 61 we establish uniformly moderate estimates for the gener- 
alized Eisenstein integrals. These estimates come from similar estimates for 
E°(Pq : ■), which survive the application of the residual operators. 

In Section IT2l we start with the preparation of the long inductive argument 
mentioned above. The reductive symmetric pair (G, H) is said to be of residue 
type if the following two conditions are fulfilled, (a) G has compact center mod- 
ulo H and (b) the operator T^ is the projection onto the discrete part L^(X : r) 



of L 2 (X: r) (which may be trivial). Condition (b) implies that the mentioned 
operator, and hence the associated 'discrete' kernel K^, is independent of the 
particular choice of residue weight t. Moreover, from condition (b) it follows 
that £jj(X: t) is finite dimensional, a result known for all pairs (G,H) as a 
consequence of @U], see also Remark ll 2. 71 

We proceed with the induction in Sectional A parabolic subgroup P E P a 
is said to be of residue type if the pair (Mp, MpP\H) is. A subset F C A is said 
to be of residue type, if the associated standard parabolic subgroup Pp is. In the 
course of the inductive argument, many results in Sections 1121 - |2~T1 will initially 
be proved under the assumption that (G, H) or a parabolic subgroup from P a 
is of residue type. Such results will always be indicated with the abbreviation 
(RT) following their declaration. The chain of results marked (RT) is needed in 
the induction step of Theorem 121.21 where by induction on the cr-split rank of 
G it is shown that all groups from P a are of residue type. In particular, also all 
pairs (G,H), with G having compact center modulo H 7 are of residue type. It 
thus follows that the results marked (RT) are valid in the generality stated (see 
also Remark IT2~2T) . 

The kernel K F (v: • : • ) is determined by its asymptotic expansion along 
Pp x Pp, in view of the vanishing theorem. The coefficient of e v ~ PF ® e~ u ~ PF in 
this expansion is essentially the discrete kernel of Mp/MpDH. If F is of residue 
type, then the discrete kernel, and hence K F , is independent of the particular 
choice of t. Therefore, so is the generalized Eisenstein integral. From then on we 
call this Eisenstein integral the normalized one and denote it by E° (Pp : v). It 
is a meromorphic function of v G a* Fqc , with values in C°°(X) ® Hom(^4 2 ,_F, V T ), 
where A2,f = L^(Xp : Tp). (Without the simplifying assumption mentioned 
above, the latter space is replaced by a suitable direct sum over F W.) The 
unique characterization of the normalized Eisenstein integral by means of the 
vanishing theorem then allows us to define it for Pp replaced by any parabolic 
subgroup P £ V a of residue type. In the case of the group, the characterization 
allows us to identify the normalized Eisenstein integral with Harish-Chandra's, 
as defined in [25j, §6, Thm. 6; see R,emark ll3.9l 

The definition of the normalized Eisenstein integral in turn allows us to 
define a kernel function Kp for arbitrary P G V a of residue type, generalizing 
the kernels for standard parabolic subgroups of residue type. In terms of the 
normalized Eisenstein integrals, the kernel is given by the formula 

K P (v: x: y) = \W P \- 1 E°{P: v. x)E*(P: v. y). (1.2) 

Here Wp is the subgroup of W that corresponds to the Weyl group of Xp, and 
E*(P:v: • ) is the dualized Eisenstein integral. The latter is the function in 
C°°(X) (g) Hom(F r , Ah,p) defined by 

E*(P:v:y): = E°(P:-D:y)*. 

Two parabolic subgroups P,QEP a are said to be associated, notation P ~ Q, 
if their cr-split components ap q and <XQ q are conjugate under W. If P,Q £ V a are 



associated, and if one of them is of residue type, then so is the other. Moreover, 
the set 

W(a Qq | o Pq ) = {s| apq | s 6 W, s(a Pq ) c o Qq } 

is non-empty. The main result of the section is Theorem 113.231 which asserts 
that the kernel function is unchanged if P, is are replaced by Q, sis, with Q ~ P 
and s G W(a.Q q | op q ). For P minimal, this result is a consequence of the 
Maass-Selberg relations for the Eisenstein integral E°(P : • ) , in view of i|1.2|) . 
For arbitrary P of residue type the result follows from the minimal case by 
W-equivariance properties of the residue calculus. 

In Section [21 we describe the action of D(X) on the normalized Eisenstein 
integral E°(P: v), for P of residue type. The diagonalization of O(Xp) on 
L^(Xp : Tp), where Tp: — T\x n p, induces a simultaneous diagonalization of the 
action of D(X) on the Eisenstein integral, in view of the vanishing theorem, see 
Corollary 114.41 In the next section this result is used to show that the uni- 
form moderate estimates of the Eisenstein integral can be improved to uniform 
tempered estimates, exploiting a technique that goes back to [5] and 03] 

In Section E3 we recall the mentioned result of [JU] on the D(X)-characters 
of the discrete series in Theorem 116.11 This result is of crucial importance for 
Sectional where we determine the constant term of the normalized Eisenstein 
integral. In addition we use the theory of the constant term as developed in 
[TT]. see also |5U) . 

The constant term of E°(P : v) along a Q G V a with Q ~ P describes e PQ 
times the top order asymptotic behavior along Q; it is given by 

E° Q {P:v;ma)^= £ a sv [C° |P (s : v)i/>]{m), (1.3) 

seW(ciQ q |ap q ) 

for v 6 a P generic, a G Aq q and m G Xq. Here Cq, p (s: v), the normalized 
C-function, is a meromorphic Hom(^42,p,-42,Q)-valued function of v G op c . 
For the description of the constant term without the simplifying assumption 
mentioned above, see Corollary 1 17. 71 

In Section [^] we derive the Maass-Selberg relations from the invariance 
property of the kernel l|1.2|l mentioned above. They assert the following identity 
of meromorphic functions in the variable v G op , 

C° QlP (s:-vyC° QlP ( S : V )=I, 

for P, Q G V a associated and of residue type, and for s G W(aQ q | 0p q ). In 
particular, it follows that the normalized C-functions are unitary for imaginary 
v. This in turn shows that the constant term (jl.3|l is regular for imaginary v. 
By a result from |J] this implies that the Eisenstein integral E° (P : v) is regular 
for imaginary is, see Theorem 1 18. 81 Because of the uniform tempered estimates 
formulated in Corollarv ll8.12l it becomes possible to define a spherical Fourier 
transform Tp in the next section by the formula 

Tpf(y) = f E*(P: is: x)f(x)dx, (1.4) 

Jx 



for / £ C(X : t), the space of r-spherical Schwartz functions on X. Proposition 
119.61 asserts that Tp is a continuous linear map into the Euclidean Schwartz 
space S(ia P ) ® ^2,p, if -P is of residue type. In Section|20|it is shown, using a 
result from [7], that the adjoint wave packet transform, given by the formula 



Jpf{x)= E°{P:v:x)ip(v)dn P {v) (1.5) 

is a continuous linear map from S(ia Pq )®A2,p into C(X : r), see Theorem l20.3l 
Here dfip is Lebesgue measure on iap , normalized as in Section 

In Section 1211 the long inductive argument is completed as follows. In the 
proof of Theorem 121.21 it is shown that every P £ V a is of residue type, by 
induction on the cr-split rank of G. The hypothesis of the induction step implies 
that one may assume that G has compact center modulo H and that every 
F C A is of residue type. In view of the regularity of the normalized Eisenstein 
integrals, hence of the kernels Kp(v : ■ : ■ ), for FCA and v € io* Fc[1 the formula 
i|l.l|l becomes valid with ep = for every subset F C A (recall that £a = 0). 
Moreover, by the definition of the transforms Tf'- — Tp F and Jp: = Jp f , it 
takes the form 

/ = TU + J2 W- W F ] t(Pp) JpTpf. 

FCA 

From this one reads off that T^ maps C£°(X: r) into C(X: r), from which it 
readily follows that T^ is the restriction to C^°(X : r) of the orthogonal projec- 
tion onto Lg(K: r). This argument completes the induction step; moreover, at 
the same time it shows that 

I = J2 i W: w f] KPf) JfTf (1.6) 

FCA 

on C^°(X : t) and hence on C(X : t) by continuity and density. It is at this point 
that the role of the residue weight in the harmonic analysis becomes clear. Define 
the equivalence relation ~ on the powerset 2 A by F ~ F' <^=^> Pp ~ Pp» . Then 
by the Maass-Selberg relations the composed transform JpTp only depends on 
the class of F in 2 A /^ . Collecting the terms in (|1.6|l according to such classes we 
obtain, by an easy counting argument, the following Fourier inversion formula 
which is independent of the choice of residue weight 

1= J2 [W:W f ]J f Tf, (1.7) 

with Wp the normalizer of aF q in W. In other words, the residue weight describes 
the weight by which an element in the class of F contributes to the above 
inversion formula. 

In Section [221 we gi ye a precise description of the kernels and images of the 
Fourier transforms and their adjoints. This leads to the spherical Plancherel 
theorem for Schwartz functions, Theorem 123.11 and the similar theorem for 
L 2 -functions, Theorem 123.41 In particular, the summands in i|1.7f) extend to 



L 2 (X: t) and become orthogonal projections onto mutually orthogonal sub- 
spaces. 

We are grateful to the organizers of the special year at the Mittag-LefHer 
Institute, during which these results were found, and we thank Mogens Flensted- 
Jensen for several helpful discussions. We are also grateful to Jacques Carmona 
and Patrick Delorme for informing us about their results on the Maass-Selberg 
relations, which played a crucial role for us, as mentioned above. 

2 Notation and preliminaries 

Throughout this paper, G will be a real reductive group of Harish-Chandra's 
class, a an involution of G and H an open subgroup of G CT , the set of fixed 
points for a. The associated reductive symmetric space is denoted by 

X = G/H. 

The algebra of G-invariant differential operators on X is denoted by D(X). 

We fix a Cartan involution 9 of G that commutes with a; thus, the associated 
maximal compact subgroup K = G 6 is cr-invariant. We follow the convention 
to denote Lie groups with roman capitals, and their Lie algebras with the corre- 
sponding gothic lower cases. In particular, g denotes the Lie algebra of G. The 
infinitesimal involutions of g associated with 9 and a are denoted by the same 
symbols. 

We equip g with a G-invariant non-degenerate bilinear form B that restricts 
to the Killing form on [g,g], that is positive definite on p, negative definite on 
t, and for which a is symmetric. Then (X , Y):— ~B(X, 9Y) defines a positive 
definite inner product on g for which the involutions 9 and a are symmetric. 
Accordingly, the decompositions g = t©p = f)©q into the +1 and —1 eigenspaces 
of these involutions, respectively, are orthogonal. If C is a linear subspace, 
we agree to identify 0* with a linear subspace of q via the inner product (■ , ■). 
Finally, we equip the linear dual g* of g with the dual inner product, and the 
complexified dual g* with its complex bilinear extension. 

We fix a maximal abelian subspace a q of p (~l q and denote the associated 
system of restricted roots by S = £(g, o q ). This is a, possibly non-reduced, root 
system; the associated Weyl group is denoted by W — W(E). We recall that 
W ~ -/Vft-(aq)/Zft-(a q ), naturally Accordingly, the natural image of A^nMaq) 
in W is denoted by Wkhh- 

If P is a parabolic subgroup of G, we denote its Langlands decomposition by 
P = MpApNp and put M\p: = MpAp. A parabolic subgroup that is invariant 
under the composed involution a9 is called a er-parabolic subgroup. The set of 
er-parabolic subgroups containing A q : = expa q is finite and denoted by P a . 

We shall briefly recall the structure of the parabolic subgroups from P a , 
meanwhile fixing notation. For details we refer to |T3], §2. If P € V ai then Mp 
and Ap are cr-invariant, and aNp = 9Np = Np. The algebra a.p is cr-invariant, 
hence decomposes as ap = aph © ap q , the vector sum of the intersections of ap 



with f) and q, respectively. We put Ap q : = cxpap q and Mp a : — Mp{Ap fl H) 
and call P — Mp^ApqNp the cr-Langlands decomposition of P. 

As usual, we denote by pp the linear functional |tr [ad( ■ )| np ] G ap. The 
following lemma is of importance in the theory of induced representations. 

Lemma 2.1 Let P eP„. T7ien pp belongs to ap . 

Proof: The algebras ap and rip are <7#-invariant, hence —app = adpp = pp. 
This implies that pp vanishes on aph, hence belongs to a Pq . □ 

The space ap q is contained in a q . Let Ep denote the collection of roots from 
E that vanish on op q . Then 

ap q = n QeSp kera. 

The subgroup of W generated by the reflections in the roots of £p is denoted 
by Wp. It equals the centralizer of ap q in W. 

Let E(P) be the collection of roots from E that occur in rip as an a q -weight. 
Then np is the vectorial direct sum of the root spaces g Q , for a G E(P). We put 

£ r (P): = E(n P , a Pq ) = {a| apq | a G E(P)}. 

The set 

a£ q : = {X G o Pq | a(X) > for all a G £(P)} 

is non-empty. Therefore, the elements of £ r (P ) are non-zero linear functionals 
on ap q . Moreover, ap is a connected component of the complement Op q of the 
union of their null spaces. We put ^4p q : = expoj . 

The collection of weights in S r (P) that cannot be expressed as a sum of two 
elements of S r (P) is denoted by A r (P). We recall from J3], beginning of §3, 
that the set A r (P) is linearly independent over R and spans S r (P) over N. 

If X G a q , then X G p, hence adX diagonalizes with real eigenvalues. It is 
well known that the sum of the eigenspaces for the non-negative eigenvalues is 
a parabolic subalgebra of g. Its ^-stable Levi component mix and its nilpotent 
radical nx are given by 

mix = keradX, nx = © Q es, Q (X)>o 9«- 

The associated parabolic subgroup of G is denoted by Px- If P G V a and 
X G a£ q , then it follows from [Hj, Eqn. (2.4), that P = P X - From erOT = X it 
follows that Px G V a . 

Let ~ be the relation of parabolic equivalence on a q , with respect to the 
root system S. Thus, X ~ Y if and only if for each a G E we have a(X) > 
<==> a (^) > 0. It readily follows from the definition given above that 
X ~ Y ^^ Px = Py. 

Lemma 2.2 T"/ie map P t— > Op is a bijection from V a onto the set a q / ~ o/ 
parabolic equivalence classes. 
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Proof: If P £ V a and X £ dp then P = Px , as said above. Hence, the map 
X h- * P x is a surjection from a q onto V a - By the last assertion before Lemma 
12.21 the map factors to a bijection from a q /^ onto V a • If X € q , let P = Px- 
Then £(P) = {a £ £ | a(A) > 0}, hence E P = {a G £ | a(A) = 0}, and we 
see that [X] = ap" . Thus, P i-» dp is the inverse to [X] h^ Px. □ 

It follows from the description in Lemma 12.21 that the Weyl group W acts 
on the finite set V„. We recall from ^J, Def. 3.2, that a residue weight on £ is 
a map a*/^ — > [0, 1] such that for every Q G V a , 

E f (°P q ) = I- (2-1) 

The collection of residue weights on E is denoted by WT(E). Via the bijection 
of Lemma fe. 21 a weight t G WT(E) will also be viewed as a map t: V a — » [0, 1]. 
A residue weight t G WT(E) is said to be W^-invariant if t(wa~p ) = t(a~p ) for 
all P G V a and w G W, and even if i(aj q ) = i(-a£ q ) for all P G P CT . 

Let P™ ln the collection of minimal elements in V a - Then P i— ► ap is a 
bijection from p™ ln onto the collection of open chambers for E in a q . To em- 
phasize this, we shall also write a+(P): = a£ q and A+(P): = A^ q for P G P™ in . 
Accordingly, W acts simply transitively on P" lm . Note that for P G V" un , 
E(P) = E r (P) is a positive system for E and A(P):= A r (P) the associated 
collection of simple roots. 

We fix a system E + of positive roots for E; let A be the associated collection 
of simple roots. Given F C A we define 

OFq: = n Q g_F kera 

and denote by Op the subset of elements X G a_F q such that /3(A) > for 
£ A \ F. Then ap" is a parabolic equivalence class. The associated parabolic 
subgroup Pp is called the standard parabolic subgroup determined by P. We 
adopt the convention to replace an index or superscript Pp by P. In particular, 
the Langlands decomposition of Pp is denoted by Pp = MpApNp and the 
centralizer of a_F q in W by Wf. Let 

W F :={s£W\s(F) GE+}. 

Then the canonical map W — ► W/Wf induces a bijection W F — ► W/Wf- 

We write Po for P0 , Po = M A/Vo for its Langlands decomposition and Mi : = 

MA, Then P = APA P for every P G P™ in . 
If P G P CT and v £ Nk (ct q ), we define 

X P ,„: = Mp/Mp n uiPT 1 . (2.2) 

Here Mp is a real reductive group of Harish-Chandra's class and MpDvHv^ 1 is 
an open subgroup of the group of fixed points for the involution a v : Mp — > Mp 
defined by a v (m) = v<7(v~ 1 mv)v~ 1 . Thus, the space in l|2.2|l is a reductive 
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symmetric space in the class under consideration. Moreover, 6\m p is a Cartan 
involution of Mp that commutes with a v ; the associated maximal compact 
subgroup is Kp: — K C\ Mp. 

Note that as (an isomorphism class of) a Mp-homogeneous space, the sym- 
metric space Xp„ depends on v through its class in the double coset space 
Wp\W/Wkdh- Throughout this paper, P W will denote a choice of representa- 
tives in Nk (o q ) of Wp\W/Wkdh- In general, if / is a surjective map from a 
set A onto a set B, then by a choice of representatives for B in A, we mean a 
subset B C A such that /|g: £> — > B is a bijection. 

Let *ap q denote the orthocomplement of ap q in a q . Then 

*a Pq = mp n o q . 

Moreover, for every v G -/Vff(a q ), this space is the analogue of o q for the triple 
{M P ,Kp,M P r\vHv- 1 ), see JT4 , text following (3.4). 

In analogy with l|2.2[) . we define Xip it) : = M 1P /M 1P n vHv~ x , for P e P CT 
and u <E A r x(a q ). The multiplication map A/p x Ap q — > Mip induces a diffeo- 
morphism 

Xip^ ~ Xp„ x Ap q . (2-3) 

If v = e, we agree to omit v in the notation of the spaces in this product, so 
that Xip = Mip/Mip n H ~ M P /M P C\ H x A Pq . 

We end this section with collecting some basic facts about ^-stable Cartan 
subspaces of q, meanwhile fixing notation. We define the dual real form Q d of g 
as the real form of g c given by g d = ker(er(9 — I) © iker(a9 + I). Let 8 C and a c 
be the complex linear extensions of 8 and er, respectively. Then 9 d : — cr c \ s d is a 
Cartan involution of Q d and a d := 8 c \ g d is an involution of g d commuting with 
8 d . 

If D is any a- and 6*-stable subspace of a, then d 0: = t) c (~l g d is a cr d - and 
d -stable subspace of g d , whose complexification equals that of 0. 

If b is a 0-stable Cartan subspace of q, then b = bk © b p , where b^: = b fl 6 
and b p : = b n p. Moreover, 

d b: = ib k ©bp 

is a cr d -stable maximal abelian subspace of p d . We denote by S(b) the root 
system of d b in g d , by W(b) the associated Weyl group and by 1(b) the space 
of 14 7 (b)-invariants in S(b), the symmetric algebra of b c . Moreover, we denote 
the associated Harish-Chandra isomorphism by 

7dfl : U(g d f /U(qY nU( Q d )i d - 7(b). (2.4) 

As usual, if [ is a real Lie algebra, we denote by U(l) the universal algebra of its 
complexification. Via the natural isomorphism 

D(X) ~ Uisf/Ub)* n U{q)\) = U( 3 d f/U(s d f n U( 3 d )t d , (2.5) 

see [5], Lemma 2.1, we shall identify the algebra D(X) with the algebra on the 
left-hand side of l|2.4() and thus view the Harish-Chandra isomorphism jd b as 
an algebra isomorphism from D(X) onto 1(b); as such it is denoted by 7 = 75. 
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If P € V a and b a 0-stable Cartan subspace of q containing ap q , we agree 
to write *bp: — b fl mp. Then *bp is a ^-stable Cartan subspace of trip fl q and 

b = *bp©a Pq , (2.6) 

with orthogonal summands. If P is minimal, then b is maximally split, and we 
suppress the index P, so that b = *b © a q . We shall write W(*bp) for the Weyl 
group of the pair (mp c ,*bp). Via the decomposition (|2.6[l this Weyl group is 
naturally identified with Wp(b), the centralizer of ap q in W(b). 

3 Weyl groups 

In this section we discuss a straightforward generalization of well known results 
on Weyl groups, see |3U], p. 111. 

If ai and ci2 are abelian subspaces of p, then following 30 , p. 112, we define 
the set 

W(a 2 | oi): = {s £ Hom(oi, a 2 ) | 3 g e G: s = Ad(ff)| ttl }. 

From the definition it is obvious that the set W(d2 | Oi) consists of injective 
linear maps. In particular, if dimai = dimci2, it consists of linear isomorphisms. 
Finally, if m = O2, the set is a subgroup of GL(ai) = GL(a2). We note that 
W(di I Oi) naturally acts from the right on W{a% \ a{), whereas W{az \ a%) 
naturally acts from the left. If dimai = dima2, then both of these actions are 
transitive and free. If a p is a maximal abelian subspace of p, then by W(q, dp) 
we denote the Weyl group of S(g, a p ), the root system of a p in g. 

Lemma 3.1 Let a± and CI2 be abelian subspaces of p. 

(a) The set W(ai \ a 2 ) is finite. 

(b) If ip £ Int(g c ) maps 01 into o 2 then (p\ ai £ W(a 2 \ 01). 

(c) If s £ W(a 2 I ai), then there exists a k £ K e such that s — Ad(fc)| 0l . 

(d) Assume that a\ and a 2 are contained in a maximal abelian subspace a p of 
p. Then 

W(a 2 I ai) = {*eHom(oi,o 2 ) | 3s £ W(g,a p ): t = s\ ai }. 

Proof: All assertions are immediate consequences of Corollaries 1, 2 and 3 of 
[H], p. 112. □ 

Corollary 3.2 

(a) W = W{a q I oq). 

(b) Let dp be a maximal abelian subspace of p, containing a q . Then the map 
k h^ Ad(fc)| aq is a surjection from iVif e (a q ) fl Nk c {ctp) onto W. 
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Proof: The map k i— > Ad(fc)| aq induces a natural isomorphism Nk (a q )/2^(a q ) ~ 
W, see, e.g., 0], Lemma 1.2. Hence, W C VF(o q | a q ). For the converse inclusion, 
select a maximal abelian subspace a p of p, containing a q . Then by Lemma 13. II 
(d), any element t £ VF(o q | a q ) is the restriction of an element s £ W(g, Op). 
There exists a fc £ -/Vff e (a p ) such that s = Ad(fc)|„ . The element k necessarily 
normalizes a q . Thus, we obtain the converse inclusion and also the validity of 
assertion (b). □ 

The following lemma generalizes Lemma 1 of (301, p. 111. Let a q be a 
maximal abelian subspace of p n q. Let dp be a maximal abelian subspace of 
p containing o q , and ) a Cartan subalgebra of g containing a p . We denote by 
W(flc) jc) the Weyl group of the root system of j c in g c . 

Lemma 3.3 Two elements of a q are conjugate under Int(g c ) if and only if 
they are conjugate under any one of the following groups 

W(Bck), W(s,ap), W = W(g,a q ), iVK c (ap)nAK c (a q ). 

Moreover, given P £ P" lln and H £ a q , there is a unique element Hq £ cl az (P) 
which is conjugate to H under W. 

Proof: If P £ 7 3 ™ 111 , then a q (P) is the open positive chamber for the positive 
system S(P) of the root system E. Also, W is the Weyl group of S. Thus, the 
final assertion follows by a well known property of Weyl groups. We turn to the 
assertions about equivalence of conjugation. 

For the first two listed groups the equivalence follows from Lemma 1 in |3()| . 
p. 111. For the equivalence for the third group, let H 1 ,H 2 6 a q and assume 
that H 2 = <p(Hi) for some <p G Int(g c ). We may fix P e P™ in such that 
Pi E cl(o+(P)). There exists a s e W such that s- l (H 2 ) e cl(a+(P)). Fix 
a choice S + (g,Op) of positive roots for E(g,a p ) that is compatible with S(P), 
and let a^ be the associated positive chamber. Then cl (a q (P)) C cl (dp ). Since 
W is naturally isomorphic to N ic(aq) / '2 'Kr(Oq) , the elements s~ 1 (H 2 ) and Pi 
are conjugate under Int(g c ). Hence, they are already conjugate under W(g, a p ). 
Being both contained in cl(Op), the elements must be equal and we conclude 
that H 2 — s(Pi). The equivalence for the third group now follows. 

Using Corollarv lH . 21 (h) . we immediately obtain the equivalence for the fourth 
group from the one for the third. □ 

Lemma 3.4 Let a be a linear subspace o/a q and assume that tp e Int(g c ) maps 
a into o q . Then there exists a s £W such that s\ a = <p\ a . 

Proof: The proof is identical to the proof of Cor. 2 in J3HI, P- 112, with use of 
Lemma fo. 31 instead of [301; Lemma 1. □ 

Corollary 3.5 Let 01,02 be linear subspaces o/a q , then 

W(a 2 | oi) = {* 6 Hom(oi, a 2 ) | 3 s £ W: t = s\ ai }. 
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We briefly interrupt our discussion of Weyl groups to collect some useful 
facts about conjugacy classes of the parabolic subgroups from V a . 

Lemma 3.6 Let a v be a maximal abelian subspace o/p, containing a q , and let 
QeV a . 

(a) There exists a k £ NK s (a q ) D NK e (cip) such that kQk^ 1 is standard. 

(b) If F,F'cA are such that Pp and Ppi are conjugate under G, then F = 
F'. 

(c) There exists a unique subset F C A such that Q is conjugate to Pp under 
G. 

(d) If P G V a is conjugate to Q under G, then it is already conjugate to Q 
under Nk c (o q ) fl Nk s (cip ) ■ 

Proof: There exists a s £ W such that the parabolic equivalence class s(oq ) 
is contained in clcd~(-Po), hence equals dp,, for some F C A. It follows that 
sQs" 1 — Pp, see Section|21 Now apply Corollary 13. 21 (b) to obtain (a). 

For (b), we note that Pp and Ppi both contain the minimal standard a- 
parabolic subgroup Pq. Hence, Pp = Ppi, by [30], P- 111, Lemma 2. This 
implies that F — F' , see Section [21 Assertions (c) and (d) both follow from 
combining (a) and (b). □ 

We end this section with a discussion of automorphisms connecting ^-stable 
Cartan subspaces of q; see Section for basic notation. 

If bi and %2 are two 0-stable abelian subspaces of q, then we define 

W{b 2 | bi): = {^| bic | <p e Int( 0c ), (^( d b!) C d b 2 }. (3.1) 

Note that d b2 and d bi are abelian subspaces of p d . Using the notation of the 
first part of this section, relative to the algebra g d = 6 d © p d with the indicated 
Cartan decomposition, we see that complex linear extension induces a natural 
isomorphism 

W( d b 2 | d bi) ~ W(b 2 | bi). 

In particular, it follows from this that the set in (|3.1fl is finite. Moreover, if bi 
and b 2 are contained in p n q, the notation l|3.1|l is consistent with the notation 
introduced earlier in this section. 

Lemma 3.7 Let bi and b 2 two 6-stable subspaces of a fixed 9-stable Cartan 
subspace d of q. Then 

W(b 2 1 bi) = {s| blc | seW(j>), s ( d b!)c d b 2 }. 

Proof: This follows from Corollary 13.51 applied with Oi = d b\, a 2 = d b 2 and 

a p = d d. a 
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If s £ W(b2 I &i), then by s* we denote the map b^e — * &ic given by pull- 
back, i.e., 

s*v: = v os, [y £ b^). 

If bi, b2 C q are two ^-stable Cartan subspaces, then d bi and d b2 are conjugate 
under an interior automorphism of g d that commutes with 6 d ; hence, the set 
VF(b2 | bi) is non-empty and consists of isomorphisms. If s is any isomorphism 
from this set, we denote its natural extension to the symmetric algebras by s as 
well. This extension maps I(bi) into /(b2). 

Lemma 3.8 Let bi, b2 be 8-stable Cartan subspaces of q. Then W(b2 | bi) ^ 0. 
Moreover, if s £ W(b2 | bi), then 

s°7bi =7b 2 - 

Proof: The first assertion follows from the discussion preceding the lemma. 

Let K d be the analytic subgroup of Int(fl c ) generated by e ad * . Then by 
Lemma ETT1 applied to d bi, d b 2 C p d , there exists an element k £ K d such that 
s = k\ dbl . The action of k induces the identity on U{Q d f d /U{i d f d n U(Q d )t d . 
Hence, if D belongs to the latter algebra, then sjb 1 (D) = k'fb 1 (k~' 1 • D) = 



4 Laurent functionals and operators 

In this section we briefly recall the concept of Laurent functional, introduced in 
|14| : meanwhile, we fix notation that will be used in the rest of the paper. For 
details we refer to Sections 10 and 11 of [J"4"| . 

Let V be a finite dimensional real linear space, equipped with a positive 
definite inner product ( • , • ) . Its complexification V c is equipped with the com- 
plex bilinear extension of the inner product. We write P(V) for the algebra 
of polynomial functions V c — > C, and S(V) for the symmetric algebra of V c . 
We identify the latter algebra with the algebra of translation invariant differen- 
tial operators on V, which in turn is identified with the algebra of translation 
invariant holomorphic differential operators on V c . In both settings, u £ V is 
identified with the differential operator / i— > df{ ■ )u. 

Let X be a finite subset of non-zero elements of V. By an X-hyperplane in 
V c we mean an affine hyperplane of the form H = a + £;f , with a £ V c and 
(d. The hyperplane H is said to be real if a may be chosen in V. By 

Ti x (V) (4.1) 

we denote the collection of polynomial functions p G P{V C ) with zero locus 
p _1 (0) equal to a finite union of X-hyperplancs. The subset consisting of p with 
zero locus a finite union of real X-hyperplanes is denoted by Hx,k(V)- Note that 
nx(V^) consists of all polynomial functions that may be written as a non-zero 
multiple of a product of factors of the form (£ , • ) — c, with £ £ X and c £ C. 
The subset flx ! i(V) consists of such products with c £ R in all factors. 
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By an X-configuration in V c we mean a locally finite collection of X-hyperplancs 
in V c - The configuration is said to be real if all its hyperplanes are real. If a 6 V c , 
then by A4(V c ,a,X) we denote the space of germs at a of meromorphic func- 
tions with singular locus contained in the union of the hyperplanes a + £^ , for 
£ 6 X. Let N x denote the space of maps X — > N. For d s N x we define the 
polynomial function 7r aj d e Wx{V) by 

Let O a {V c ) denote the space of germs of holomorphic functions at a. Then 
A4(V c ,a, X) is the union of the spaces 7r~ d O a (V c ) f° r ^ e ^ x . The space 
A4(V c ,a,X)* of X-Laurent functionals at a is defined as the subspace of 
M(V c ,a, X)* consisting of C with the property that for every d € N x there 
exists a uc.d € S'(V) such that 

£><P = [uc,d^a.d^p]{a), for all ip £ 7T~rf0 (Vc)- 

The element uc belongs to a projective limit space S<-(V,X) whose definition 
is suggested by the above, see |J2], Sect. 10, for more details. Moreover, the 
map C t— » uc defines a linear isomorphism 

M(V c ,a,X)l UI -^ S_(7,X), (4.2) 

see |T3], Lemma 10.4. 

The space on the left-hand side of the above isomorphism only depends on 
X through its proportionality class. More precisely, a finite set X' C V \ {0} 
is said to be proportional to X if every element of one of the sets X, X 1 is 
proportional to an element of the other set. If X and X' are proportional sets, 
then M(V c ,a,X)f aat = M(V C , a, -X')* aur , see Q3], Lemma 10.3. 

If Cl C V c is open and E a complete locally convex space, then a (densely 
defined) E- valued function / on Q is said to be meromorphic if for every z 6 Q 
there exists an open neighborhood f^o of z and a holomorphic function g £ 
O(fio) such that gf\n is a holomorphic E'-valued function on fi. The space of 
U- valued meromorphic functions on fi is denoted by A4(£l, E). A point zeflis 
said to be a regular point of / 6 M(£l, E) if / is holomorphic in a neighborhood 
of z. The collection of regular points of / is denoted by reg/. 

Let H be an X-configuration in V c . By M(V C , H, E) we denote the space of 
meromorphic functions Vc — ► E with singular locus contained in UTi. We agree 
to write M(V c ,n):= M{V C ,H,C). 

The space Ai(V c , H,E) is topologized as follows. Let X° C X be minimal 
subject to the condition that X° and X are proportional. For each X-hyperplane 
H C V c there exists a unique a# G X° and a unique first order polynomial 
function l H of the form z i— > (a// , z) — c, with c € C, such that i? = /^(O). 

We denote by N w the space of maps H — > N. For d £ H H and w C K a 
bounded subset, we define the polynomial function Tr u> d £ IIx-(V) by 



n 

H£T-L 
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l d jj H) . (4.3) 



A change of choice of X° only causes a change of this polynomial by a non- 
zero factor. If E is a complete locally convex space, we define M(V c ,H,d,E) 
to be the space of meromorphic E-valued functions <p on V c with the property 
that iCu, t d<p is holomorphic on u>, for every bounded open subset u> C V c . This 
space is equipped with the weakest locally convex topology that makes every 
map <p h- » Wu^flu continuous from M{V C , H, d, E) to 0(u>, E). This topology is 
complete; it is Frechet if E is. We equip N H with the partial ordering < defined 
by d < d' ^> MH e H: d(H) < d'{H). We now have 

M{V c ,H,E) = U deN n M(V c ,H,d,E). 

Accordingly, we equip the space on the left-hand side with the direct limit locally 
convex topology. 

Any non-empty intersection of A-hyperplanes in V c is called an A-subspace 
of Vc- An A-subspace L of V c may be written as L = cl + Vlc, with Vl C V a real 
linear subspace. Let Vj^ c denote the complexification of its orthocomplement. 
The intersection Vj^ c fl L consists of a single point c(L), called the central point 
of L. Via the translation x t— > c(L) + x from Vlc onto L we equip L with the 
structure of a complex linear space, together with a real form with a positive 
definite inner product on it. 

If H is an A-configuration and L C V a,n A-affine subspace, we define Hl 
to be the collection of affine hyperplanes in L of the form H n L, with H 6 H 
a hyperplane that properly intersects L. Let A(L): = X C\ V^ and let X r c Vl 
be the image of A \ X(L) under the orthogonal projection onto Vl. The image 
of X r in L under translation by c(L) is denoted by A^. Thus, (L,Xl) is the 
analogue of (V c , A). The collection Hl is a A^-configuration in L. 

If £ is a Laurent functional in A4(V^,0, A(L))* aur , then C induces a con- 
tinuous linear map 

CtiMiVoK) -> M(L,H L ), 

given by the formula 

£*¥>(!/): = £[¥>( •+!/)], (4.4) 

for yj e A4(Vc,W) and generic v € L. The map £* belongs to the space 
Laur (Vc, L, TL) of Laurent operators M(V C , TL) — > M(L, Hl), as defined in [TT] . 
Sect. 1.3, see also |T3], Sect. 11. It follows from the definition of Laurent op- 
erator combined with the isomorphism M(Vf~ n , 0, A(i))* aur ~ 5 < _(V t 1 , X(L)) 
given by l|4.2|l that the map C h- > £* defines a linear surjection 

A4(y L , A(L), 0)r aur - Laur (V c , L, H) -» 0. (4.5) 

Accordingly, a Laurent operator may alternatively be defined as any continu- 
ous linear operator A4(V C ,H) — > M.(L,Hl) of the form £* with £ a Laurent 
functional from the space on the left-hand side of (|4.5|) . 

More generally, if C e M(Vl, A(L), 0)* aur and if £ is a complete locally 
convex space then the algebraic tensor product £» <8> Je has a unique extension 
to a continuous linear map M(V C , H, E) — > At(L, Hl,E) that we briefly denote 
by £* again. 
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The concept of Laurent functional may be extended as follows, see |14j . 
Def. 10.8. Let M(V C , *, A)j* aur be the disjoint union of the spaces M(V C , a, X)* aur , 
for a £ V c . An X-Laurent functional on V c is defined to be a finitely sup- 
ported section of M(V C , *, A)j* aur , i.e., a map £: y c — » M(K, "S^QLur witri 
£ Q G M(y c ,a,I)^ ur for every a £ V c and with supp£:= {a £ V c \ C a ^ 0} a 
finite set. The set of all A-Laurent functionals on V c naturally forms a complex 
linear space, denoted M(V c ,X)* aur . 

Let H, L be as before. If a £ V c we denote by Ki(a) the A^-configuration 
consisting of all hyperplanes if' in L for which there exists a H £ H such that 
H' = L n [(-a) + if]. If 5 C Vj%. is a finite subset, we put 

H L (S) = U aeS H L (a). (4.6) 

Let now C £ M. (V^- , A) j* aur and put S = supp £. Then from the above discussion 
it follows in a straightforward manner that the formula l|4.4|) defines a continuous 
linear map C*:M(Vc,'H) — » A4(L,Hl(S)). As above, if E 1 is a complete locally 
convex space, then the tensor product map C„ ® Zg has a unique extension to 
a continuous linear map 

£*:M{V C ,H,E)^M(L,H L {S),E); (4.7) 

see HU, Cor. 11.6. 

By .M(K C , A, £) we denote the space of meromorphic E- valued functions 
on V c with singular locus contained in the union of an A-configuration. Every 
Laurent functional £ £ M(Vjh,, A(L))* aur determines a unique continuous linear 
map £*:M(V C ,X, E) — ► M(L,X L ,E) such that £* restricts to the map (I4.7|l 
for every A-configuration H in V4- See |I3|. Lemma 11.8, for details. 

5 Normalization of residues and measures 

For the explicit determination of the constants in the Plancherel formula, it is 
of importance to specify the precise normalizations of residual operators and 
measures that will be used in the rest of this paper. 

Let P be the standard parabolic subgroup in "P™ 11 and let t £ WT(E) 
be a W- invariant residue weight, see § |21 Let b be a W- invariant positive 
definite inner product on a*. Associated with the data S + ,i, 6, we defined in 
[TT] . beginning of § 3.4, for each subset FcA and every element A £ *a* F , a 
universal residue operator 

Res! +a , q :=Res^ v (5.1) 

which encodes the procedure of taking a residue along the affine subspace A + 
a Fqc °f a qc- I n [IB; text below Eqn. (3.6), this residue operator is introduced 
as an element of a project limit space 5 < _(*a^ q , £]?), defined in 11 , § 1.3; here 
Ej denotes the collection of indivisible roots in E + n *a|^ q . However, to make 
the residue operator into an object as canonical as possible, we shall prefer to 
view it as a Laurent functional. 
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Applying the results of Section |U with V = *a* Fq , X = £ F , X° = Y> F and 
a = 0, we obtain an isomorphism 

M(*c^ qc ,0,£ F )r aur ~ S^(*a Fq7 t F ). (5.2) 

In the present paper, the universal residue operator (|5.1|) is accordingly viewed 
as an element of the space M(*a Fqc , 0, EF)* aur of £i?-Laurent functional at the 
origin in *a* F 

By Eqn. (|4.5I) . with V — a*, X — E and L = A + a^ q , we see that C i-» 
£» induces a surjective linear map from ■A / ((*a^ , E F )[* aur onto Laur(a* c ,A + 
a FcjC , H). In this context we omit the star in the notation, and use the notation 
(|5.1|l also for the Laurent operator defined by the universal residue operator. 
Thus, (|4.4|) becomes 

for every (p G M(a* c , TL) and v G a* Fqc generic. In this way the notation becomes 
compatible with the notation of |11| . 

All definitions in |llj are given with reference to the fixed VK-invariant inner 
product b on a*, denoted (• , • ) in JJ, so that a priori the universal residue 
operator depends on the particular choice of the inner product. However, as 
we will show, the dependence is through certain measures determined by b. To 
explain this, it is convenient to first introduce some general terminology. 

If is a real finite dimensional vector space, let °A(t)) denote the one di- 
mensional real linear space of densities on 0, i.e., the space of maps u>: 0" — * R, 
where n = dim 0, transforming according to the rule to o A' 1 = \ dct A\ui, for all 
A G End(o). Evaluation at the origin induces a natural isomorphism from the 
space of translation invariant densities on 0, where is viewed as a manifold, 
onto °A(t)) ; we shall identify accordingly. Consequently, via integration the space 
°A (t>) may be identified with the space of Radon measures MdA, where dX is a 
choice of Lebesgue measure on 0. If is equipped with a positive definite in- 
ner product, then by the normalized density on we mean the unique element 
lo G °A(o) such that w(ei, . . . , e„) = 1, for every orthonormal basis e±, . . . , e„ of 
0. 

We shall often encounter the situation that D = ib with b a subspace of a 
real linear space V; here multiplication by i is defined in the complexification 
V c of V. If V comes equipped with a positive definite inner product ( • , • ) , we 
extend it to V c by complex bilincarity, and equip ib with the positive definite 
inner product — ( • , • ) . Accordingly, in this setting it makes sense to speak of 
the normalized density on ib. 

Let d/j, G °A(ib). If A G V c , then we shall adopt the convention to also 
denote by d\x the density on the real affine subspace A + ib of V c , obtained by 
transportation under the translation X ^ X + X, ib — > X + ib. Accordingly, 
by unoriented integration, the density d/i determines a real Radon measure on 
A + ib, which we shall denote by the same symbol. 

We now return to the dependence of the residue operator l|5.1|l on the choice 
of b. For every a G E, the orthogonal reflection s a is independent of the par- 
ticular choice of b, and therefore so are the root hyperplanes a , and, more 
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generally, the root spaces a* Fq and their orthocomplements *ap Q , for F C A. 
Combining this observation with the uniqueness statement of |11| . Theorem 
1.13, it follows that the residue operator Res^ +a « can be completely defined in 

terms of the data E + , t, A + a F and b; moreover, it depends on the latter datum 
through the quotient measure on i*a* F of the normalized Lebesgue measures 
dX on ia* and d/i F on ia F . 

To keep track of constants coming from comparing residue operators related 
to different choices of the mentioned inner product we shall introduce a version 
of the residue operator 1)5. 1|) that is independent of the choice of b. 

The unnormalized residue operator is defined as the unique Laurent func- 
tional 

B£s£ +a>q E M(*oJ qc ,0,S F )r aur ®Hom(°A(m*), o A(m|. q )) (5.3) 

satisfying the following requirement. Let 115.1 [I be defined relative to the given 
choice of b and let dX E °A(ia*) and d[i F £ °A(ia* F ) be the normalized densities 
associated with b. Then the requirement is that 

BfiSx+,;j¥>)(dA) = ^s\ +a ^)dfi F , (5.4) 

for <p E M.(*a* F c , 0, Y, F ). From the above mentioned dependence of l|5.1|l on b 
through the quotient density on i*a* F of dX and dfi F , it follows that the residue 
operator in l|5.3|l only depends on the data E + , t, F, X and not on the choice of 
b. In other words, if (|5.1|) . dX and dfi F had been defined relative to an arbitrary 
VT-invariant inner product on o q , then formula l|5.4|) would be valid as well. 

Suppose now that for each F C A a non-trivial density d/i F E °/\(ia* F ) is 
given. In particular, dX: — d[i§ is given. Then we can use the formula 15.411 to 
define residual operators Res^ +0 . . With this definition, the integral formula of 
|Uj. Thm. 3.16, is valid. 

In the rest of this paper, we fix a choice dx of invariant measure on X. In the 
rest of this section we will describe how this choice determines all other choices 
of normalization of measures, and, by the preceding discussion, all choices of 
normalization of residual operators. 

As in [10j . § 3, the measure dx determines a choice da of Haar measure on 
A q , and a choice dX of Lebesgue measure on ia* A change of the measure dx by 
a multiplication by a positive factor c causes a change of da by the same factor. 
This in turn causes a change of the measure dX by the factor c _1 . It follows that 
the product measure dx dX on X x ia* is independent of the particular choice of 
the measure dx. 

In order to be able to use the formula (5.2) of [T^], we normalize the Lebesgue 
measures dfi F of ia* F , for F C A, as in the text following the mentioned formula. 
We describe this normalization in a somewhat more general setting, in terms of 
the above terminology. Let B be the bilinear form of g, fixed in the beginning 
of Section|21 Via restriction and dualization, B induces a positive definite inner 
product on o* which we denote by B as well. Let c > be the positive constant 
such that dX corresponds to the density on ia* normalized relative to the inner 
product cB. 
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If P £ P a , then d[ip denotes the Lebesgue measure on ia* P normalized with 
respect to cB. If Og q = {0}, which occurs if and only if G has a compact center 
modulo H, we agree that d\ic has total volume 1, in accordance with J^L text 
following (5.2). 

The residual operators Res_ )v+a » are now normalized by l|5.4|l and with re- 
spect to the choices of normalizations of measures made. All results of [TT] 
and |12| needed in this paper are valid with the normalization of measures and 
residual operators just described. 

If P £ Pa, we denote by dXp the choice of Lebesgue measure on i*a Pq for 
which 

dX = dXp d\ip. (5-5) 

If v £ P W, then by the above discussion of the normalization of dX, applied to 
the space Xp ]V , a choice dxp, v of invariant measure on Xp„ corresponds in one- 
to-one fashion with a choice of Lebesgue measure dXp yV on i*a P . Throughout 
this paper we agree to select dxp tV so that dXp tV = dXp. 

We end this section with the observation that for P,Q 6 P a with ap q and 
ciQq conjugate under W, the measures d/ip and d/j,Q are Ty-conjugate. Indeed, 
this follows from the VF-invariance of the inner product B. From l|5.5|l we see 
that the measures dXp and dXQ are W-conjugate as well. 

6 A vanishing theorem 

Let Q 6 Pa- Throughout this paper, we assume (r, V T ) to be a finite dimensional 
unitary representation of K. In this section we introduce a space £q P (X : r) of 
meromorphic families of D(X)-finite r-spherical functions and show that the 
vanishing theorem of |14| applies to it. 

Let Oq 0g denote the set of regular elements in a q for the root system £ and 
put A r ° s : = exp a r ° s . We define a subset of X by 

X+: = KA™ S H. 

According to |T1). Sect. 2, this set is open dense in X. Let W C iVA'(a q ) be a 
choice of representatives for W/Wkhh- Then, for each P £ "P" lm , 

X + = U„ e w KAp~ vH (disjoint union). 

By C°°(X + : r) we denote the space of smooth functions /:X + — » V T that are 
r-spherical, i.e., 

f(kx)=T(k)f(x) (x £ X+, k £ K). 

By -A(X + : r) we denote the subspace of / £ C°° (X+ : r) that behave finitely 
under the action of the algebra D(X). Moreover, we denote the subspaces of 
these spaces consisting of functions that extend smoothly from X + to all of X 
by C°°(X: r) and A(X : r), respectively. 
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Let P eV a and v G N K (a q ). We put K P : = KC\M P and define X PfV> + to be 
the analogue of the set X + for the triple (Mp, Kp, MpCwHv^ 1 ). In particular, 
Xp ( „ ]+ is an open dense subset of Xp iV , 

We define the function Rp iV : M\p — ►] 0, oo [ as in \TQ, Section 3. According 
to |2|, Lemma 3.2, this function is left Kp- and right M\p (~l uPru -1 -invariant. 
Moreover, if P ^ G, a G A q and u G A/jf p (dq), then 

Rp v (au) = max a~ Q . 

aeS(P) 

Finally, Pp lt) > Ion Xp tV . The function Plp,„ is of importance for the description 
of a domain of convergence for the series expansion that describes the asymptotic 
behavior of a function from -4(X + : r) along (P, v). To be more precise, we define, 
for < r < 1, 

A$ q (r): = {a g A Pq | Va £ A r (P): a~ a < r}. 

Then the following property, see |14| . Lemma 3.3, is relevant for the mentioned 
description of the domain of convergence. For m G Xp„ and a G Ap q , 

m G Xp ;Vi+ , a G Ap (i?p jt ,(m) _1 ) =>■ mavH G X + . 

We can now describe the mentioned series expansion along (P, v), together with 
a domain of convergence. According to 14 , Lemma 5.3 and Thm. 3.4, a function 
/ G -A(X + : t) admits a converging series expansion of the form 

f(mav) = ^2^q^(P,v | /, log o,m), (6.1) 

for m G Xp jt)] + and a G Ap (Pp !t) (m) _1 ). The set P in (|6.1|l is a subset of 
a* Pqc contained in a set of the form P - NA r (P):= P + (-NA r (P)), with 
Po G P c finite. In addition, there exists a k G N such that, for every £ G P, 
the expression q^(P,v | /) belongs to Pfc(ap q , C°°(Xp ] „ i+ : rp)), the space of 
polynomial functions ap q — ► C°°(Xp !l ,. + : rp) of degree at most k. Here Tp 
stands for t\k p - 

The series on the right-hand side of (|6.1(l converges neatly in the sense of 
|14| . Def. 1.2, for each m G Xp )U) +, and for a in the indicated range (depending 
on m). The functions g^ are uniquely determined by these properties. 

The set of £ G P for which q^(P,v | /) ^ is called the set of exponents 
of / along (P,v), and denoted by Exp (P, v | /). We agree to write q^ = for 

£eap qc \P. 

Using the above terminology we shall introduce the space £ Q yp (X : r) in a 
number of steps. First, following J3], Def. 12.1, we introduce a suitable space 
of meromorphic families of spherical functions. We agree to write Po for the 
standard minimal er-parabolic subgroup. An index or superscript Po will be 
replaced by 0. In particular, Xo,„ = Xp 0iV and To = Tp a . Note that Xq a , = Xp.„ 
and tq = Tp for every P G P™ m . 



23 



Definition 6.1 Let Q £ V a and let Y C *ag qc be a finite subset. We define 

C^ p (X + :r) (6.2) 

to be the space of functions /: Uq c x X + —* V T , meromorphic in the first variable, 
for which there exist a constant k £ N, a E r (Q)-hyperplane configuration ft in 
ciQq C and a function d: ft — > N such that the following conditions are fulfilled. 

(a) The function A^/ A belongs to X(a^ qc , ft, d, C°°(X + : r)). 

(b) For every P £ P™ m and t> £ ./Vfs-(a q ) there exist (necessarily unique) 
functions q s ,z(P,v \ f) in P fc (a q ) <g> -M(ag qc ,ft, d, C°°(X 0tV : r )), for s £ 
VF/VFq and \ £ -sWqY + NA(P), with the following property. For all 
A £ ag qc \ lift, to £ Xo,,, and a £ A+(P), 

/aM= 2 a sX -rr Y, a^q s ,dP,v\f,\oga)(X,m), 

seW/W Q £e-sW Q Y+NA(P) 

(6.3) 
where the A(P)-exponential polynomial series with coefficients in V T con- 
verges neatly on A£(P). 

(c) For every P £ P" lin , v £ 7Vfc;(a q ) and s £ W/Wq, the series 

X] a _5 g 8)? (P,v | /,logo) 

Ce-sW Q y+NA(P) 

converges neatly on A+ (P) , as an exponential polynomial series with co- 
efficients in the space M(ag qc , ft, d, C°°(Xq >v : r )). 

Finally, we define 

^ hyp (X + :r):=C^(X + :r). (6.4) 

Remark 6.2 If Q' £ P a and a Q > q = o Qq , then S r (Q) G £ r (Q') U [-E r (Q')]. 
Hence, the notions of S r (Q)- and S r (Q')- con fig ura tion coincide. It follows that 
the space (16.2(1 depends on Q through its cr-split component ciQ q . 

It is sufficient to require conditions (b) and (c) either for all P £ P" lln and 
a fixed v, or for a fixed P £ "P™ 111 and all u in a choice of representatives for 
W/Wkdh in A^A-(a q ); see [T2|, Rem. 7.2, for details. 

If / £ C*g P y- lyp (X+ : r), then following 0, Def. 12.4, we define the asymp- 
totic degree of /, denoted deg Q (/), to be the smallest integer k for which there 
exist TC,d such that the conditions of Definition 16. II are fulfilled. Moreover, we 
denote by ft/ the smallest £ r ((^-configuration in do qc such that the conditions 
of Definition 16 . II arc fulfilled with k — deg a (/) and for some d: TLf — > N. We de- 
note by df the ^-minimal map ft/ — » N for which the conditions of the definition 
arc fulfilled with ft = ft/ and k = deg a /. Finally, we put reg a (/): = ag qc \Uft/. 

We extend a q to a Cartan subspace b of q; clearly, b is 0-stable. If /i £ b*, 
then 1^: = ker7( ■ : ix) is an ideal of codimension one in D(X). 
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If P E P a , we write Dp for the set of finitely supported maps 8: *b* Pc — > N, 
see H2.6fl . For 6 E Dp and A G ap qc we define the ideal Is,\ in D(X) by 

t ■- TT r 5 ( A ) 
ls,\-= 11 7 a+a- 

AGsupp (5 

This ideal is cofinite, since it is a product of finitely generated cofinite ideals. 

Following ^3], Def. 12.8, we introduce the following space of meromorphic 
families of 0(X)-finitc functions. 

Definition 6.3 Let Q E P a and 6 E Dq. Then for Y C *a Q a finite subset 
we define 

to be the space of functions / E CQ P y yp (X + : r) such that, for all A E &Q qc \W/, 
the function /x:aj i— > f(X,x) is annihilated by the cofinite ideal /,j.a- 
Finally, we define 

4 yp (X + :r :( 5):=^ p {0} (X + :r^). 

Following 14 , Def. 12.8, we introduce the following subspace of meromor- 
phic families of ED(X)-finite functions in C°°(X + : r) satisfying a certain addi- 
tional assumption. Let P\ be the collection of parabolic subgroups P E P a 
whose cr-split component ap q has codimension one in a q . 

Definition 6.4 Let Q E V a . Then for <5 E Dq and Y C *aQ qc a finite subset 

we define £ Q y y(X + : r : <5) g i b to be the space of families / E £g yp (X + : r : 5) 
satisfying the following condition. 

For every s E W, every PeP] with sa.Q q <£_ ap q and all v E iVx(o q ), 
there exists an open dense subset $7 of reg a / with the following property. 
For every AeH, every £ £ sA| apq + WpsWQy| aPq - pp - NA r (P) and 
all X E op q , the function m ^ q^(P,v \ f\,X,m), originally defined on 
Xp„ ]+ , extends smoothly to all of Xp^. 

Remark 6.5 In J3], Def. 9.5 and Def. 8.4, a family / satisfying the property 
stated in the above display was said to be [s] -global along (P, v). 

Definition 6.6 Let Q E P a . For 8 E Dq and Y c *ag a finite subset, 

we define £g yp (X: r : 8) to be the space of families / E £g y y(X + : r: £>) g i b 
satisfying the following condition. 

For all v in the complement of a locally finite union of analytic null-sets, 
the function /„, initially defined on X+, extends to a smooth function on 
all of X. 

Finally, we define 

^ yp (X:r):=U,^ yp (X:r :( 5) and £ Q yp (X : r): = U Y £^ y (X : r), 

where 8 runs over Dn and Y over the collection of finite subsets of *a? lrl . 
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Remark 6.7 One readily verifies that the space £ Q y y(X : r : 5) depends on Q 
through its split component aQ q . See also Remark 16 21 

Remark 6.8 If G has compact center modulo H, then acq = {0}. Therefore, 
the map / >—> f defines an embedding of £ G yp (X : 5) into A(X : r), the space of 
D(X)-finite functions in C°°(X : r). We claim that this map is in fact a bijection. 
To see this, let g G A(X : r). Then by 0, Thm. 5.3, the family /: a Gqc xX-»V T 

defined by /o = g belongs to C G P y yp (X + : r) for some finite subset Y C *a Gqc = 
a* c . Moreover, B(X)g is a finite dimensional space. In the notation introduced 
before Definition 16.31 let S be the set of A G *&gc = ^* such that D(X)<? has a 
non-trivial subspace on which D(X) acts by the character j( ■ : A). Then there 
exists a map S: *b Pc — > N supported by 5 1 , such that <? is annihilated by /.j.o- It 
is now readily seen that the family / belongs to £ G yp (X : r : (5). 

Lemma 6.9 Lei / G £ G yp (X : r) and put TC — Tif and d = df. Then v i— ► f u is 
a meromorphic C°°(X : r) -valued function in the space AA(o.*q c , H, d, C°°(X : r)). 

Proof: This follows by using condition (a) of Definition 16.11 and applying 
Cor. 18.2 of H3|. D 

Remark 6.10 Let 5 G Dq and let Y C *ag qc be a finite subset. It can 
be shown that every family / G £ Jy (X + : r : S) that satisfies the displayed 
condition of Definition 16.61 automatically belongs to £ Q y y(X + : r : <5) g i b, hence 
to £ Q yp (X: t). In case max<5 < 1, this follows from jS], Thm. 12.8. For general 
S G Dq one may proceed along similar lines, see also 05], Chapter 4. However, 
we shall not need such a result in the present paper, since in all cases where we 
could apply it, the property of Definition 16.41 has already been established in 
|14| for the functions involved. The present remark justifies the notation used. 

The following special case of the vanishing theorem of |14) will play an im- 
portant role in the rest of this paper. 

Theorem 6.11 (Vanishing theorem) Let Q G P a be standard and let ®W C 
-^^(aq) be a choice of representatives for Wq\W/WKnH ■ Let f G £q P (X: t) 
and assume that there exists a non-empty open subset Q, C reg a / such that, for 
each v G Q W, 

q v _ pp {P,v\f v )=Q, (i/Gfi). 

Then / = 0. 

Proof: This is a special case of 14 , Thm. 12.10. □ 

We shall often use the vanishing theorem in combination with the following 
lemma to relate families of eigenf unctions. 



Lemma 6.12 Let P, Q G Va, let s G W be such that sap q — aQ q and assume 
that f G Spy (X : t )j with Y C *cip qc a finite subset. Then the family f s : cLq c x 
X — ► V T , defined by f s {v,x) = f{s~ 1 v,x), belongs to £g yP y(X: r). 
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Proof: In view of Remark 16.71 we may assume that Q = sPs -1 . There exists 
a 8 £ Dp such that / £ £ P y Y (X : r : $). By Lemma 1X71 there exists a s £ W(b) 
such that s = s| . The element s maps *bp c onto *&q c - Let s* denote its 
transpose *bn c — ► *b Pc . Then Sos* £ Dq. Moreover, one readily checks from 

the definitions that f s £ £§£ y (X: t: 5oS*). D 

7 Meromorphy of asymptotic expansions 

Let / belong to the space £q YP (X: t), defined in Definition 16. 61 The mentioned 
definition refers back to Definition l6.il according to which, for v £ Nk (o q ) and 
for P a minimal group in P a , the function /„ admits an expansion along (P, v) 
that depends meromorphically on the parameter v £ cIq c in a well defined 
sense. It follows from ^31 that an analogous result holds for arbitrary ?£?„. 
For its formulation, we need a particular type of subset of the symmetric space 
Xp„. For 1 < R < oo, we define the set 

Xp tVt+ [R]: = {xe X PtVt+ | Rp, v {x) < R}; 

see U3J, Eqn. (3.7) for details. 

We also need an equivalence relation ^p|q on W to describe asymptotic 
exponents along (P, v) without redundance. The relation is defined by 

s ~ P |q t <*=*► Mv £ a Qq : st/| 0pq =t^| apq . (7.1) 

If Y C *aQ qc is a finite subset and c £ WV~p|Q, we put 

o- -Y:= {sn| apq \s £a,n £Y); 

see Q3], § 6, for details. We recall from J3]> Lemma 6.5, that W/~p|q~ W/Wq, 
ifPVp™ 11 and Q£P CT . 

Proposition 7.1 Let Q £ V a , S £ Dq and Y C *&Q q « finite subset. Let f be 
a family in Cg P y yp (X_|_ : r) and pwi /c = deg a /. 

Let P £ P CT and v G Afc «). Taen Exp(P,x; | /„) C W(v + Y)| apq - p P - 
NA r (P), /or every v £ reg a /. Moreover, there exist unique functions 

q a .^P,v | /) £ P fe (ap q )®X(a Qqc ,H / ,d / ,C 00 (Xp l ,, + : r P )), 

/or cr £ W/~p|q and £ £ — cr • Y + NA r (P), such that, for every v £ reg a /, 

U{mav)= J2 <f v ~ pp £ o-^(P,« | /,logo)(i/,m), 

creiv/~ P |Q ^e-o--y+NA r (p) 

/or all m £ Xp.„. + and a £ Ap (Pp„(m) _1 ), where the exponential polynomial 
series in the variable a with coefficients in V T is neatly convergent in the in- 
dicated range. In particular, for all v in an open dense subset of CiQ qc and all 
a £ W/~ P \Q and \ £ -o ■ Y + NA r (P), 

q a<i {P,v\f){X,v)=q„ vU ^_ pp _ i (P,v\f v ,X), (X £ a Pq ). (7.2) 
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Finally, for each a G W/^p\q and every R > 1, the series 

X] a-tq a ^(P,v | /,logo) 

Ce-cr-y+NA r (_p) 

converges neatly on Aj, (R~ x ) as a A r (P)- exponential polynomial series with 
coefficients in M.(o-q c ,C°°(Xp jVi+ [R] : Tp). 

Proof: This follows from ^3], Thm. 7.7 and Lemma 12.7. □ 

The following result is based on the meromorphic nature of the series in the 
above proposition. It may be considered a natural companion to |14|. Lemma 
7.9. 

Lemma 7.2 Let Q G V a , Y C *ag qc a finite subset and f G Cg P £ yp (X + : r). 
Let P G V a ,v G -/Vft-(ciq). i«Mme i/iai /or every a G W/~p|q a set P CT C 
— cr • Y + NA r (P) is given such that, for is in a non-empty open subset ft of 

Exp(P,«|/„)c |J Hap q -pp--B»- (7-3) 

<TSW/~p|Q 

TTien \7.3\) holds for every v G reg /. 

Proof: Let er G W/~ p \q and £ G -er • Y + NA r (P) be such that <? CTo ^(P, « 
/) 7^ 0. By Proposition 17 . II there exists an open dense subset ft C reg a / such 
that, for all v G ft, <|7.2I) is valid. In particular, it follows that, for v G ft, 
coHap,,— Pp~ £ ^ Exp (P, u | /„); hence, o"oHap q — Ap — £ belongs to the union on 
the right-hand side of (j?"3|) . By [Tl|, Lemma 6.2, the sets cr^| 0j=q +cr-y-NA r (P), 
for cr G W/~p\q, are mutually disjoint, for v in an open dense subset fl' of £1. 
It follows that £ G Pcr . 

From the above and Proposition 17. II we conclude that for all a G W/~p\q 
and £ G (— er • Y + NA r (P)) \ E a , the meromorphic function ^ i— » q a ^(P, v \ f, v) 
is zero. Hence, for f G reg a /, 

/„(ma«) = ^ a™-" ^ o- c g„ l£ (P,r;|/)(logo,i/ ) m), (7.4) 

ctGIV/^piq i^E a 

for to G Xp„ !+ and a G Ap (Pp it ,(m) _1 ). Thus, the inclusion (|7.3[) holds for 
v G rcg a /. It remains to extend the domain of its validity to all of reg/. 
Let R > 1. Then for each cr G W/~pig, the series 

F a (a) = ^ a-«g CT)? (P,« | /)(loga) (7.5) 

converges as a A r (P)-exponential polynomial series in a G AJ, (i? _1 ), with 
coefficients in the space A^(ag qc ,7i,d, C°°(Xp^ i+ [P] : T>)); here H = W/ and 
d = d f . 
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Let Vo G ag qc be such that the meromorphic C°°(X + : r)-valued function 
v l— » fu is regular at v . Let H{vq) be the collection of H G ri that con- 
tain vq. Since H is a £ r (Q)-configuration in dg c , the collection ri{v ) is finite 
and there exists a bounded open neighborhood u> of i/q in reg (/) such that 
H(v ) = {H G H | H C\uo ^ 0}. Put 7T = 7r Wjrf , see gSJ. Then <p i-> tt^ 
defines a continuous linear map from A4(a.Q qp ,'H, d, C°° (Xp )t)l + [P] : Tp)) into 
0(aQ qc ,C oo (Xp ! „ i+ [i?] : Tp)). In particular, the series l|7.5|l multiplied with it 
converges neatly on Ap (i? _1 ) as an exponential polynomial series with values 
in the space 0(w,C°°(Xp tVl +[R] : r P )). 

It follows from [Tl], Lemma 10.5, that there exists a u G S^cIq q ), such that 
^p(fo) = w(7T<^)(t'o), for tp G C(w). We apply this to v *— ► / v . Then, 

f(v ,mav) = m[vt( •)/(•) ™«)] (^o) 

fe 
J] a -o-PP ^p CTJ (log a )(7 CTJ [ 7 r( • )F CT (a)( • , m)](u Q ), 
<jew / /~ P |Q j=i 

with finitely many p a j G P(ap q ) and f/ CTJ G 5(og q ), as is readily seen by 
application of the Leibniz rule. Note that degpVj + order (U a .j) < I: = order(w). 
From J2], Lemma 1.10, we obtain that the elements U^j G S(o.q ), viewed 
as constant coefficient differential operators in the variable z/, may be applied 
termwise to the series for n( ■ )F a (a)( ■ , m), without disturbing the nature of the 
convergence of the series. This leads to the existence of polynomial functions 
q#£ G P k +i(a Pq ) ® C°°(Xp„ !+ : r P ), for a G W/~p|Q,£ G E a , such that 

f Uo {mav)= Yl a<TV °~ PP J2 a~Sq^(\oga,m), 

a£W/~ P \Q Ce-E^ 

for a G Ap (i? _1 ) and m G X.p jV ,+ [R]. The series on the right-hand side con- 
verges neatly as a A r (P)-exponential polynomial series on Aj, (P _1 ), with co- 
efficients in C°°(Xp„ !+ [i?] : Tp). It follows that the inclusion (|7.3f) is valid for 

v = vq. n 



8 Fourier inversion 

In this section we recall the Fourier inversion formula from |12 | that will be the 
starting point for the derivation of the spherical Planchcrcl formula. 

Let W C Nk (<Jq) be a choice of representatives for W/Wkhh- This choice 
determines the space °C = °C(t), defined as the formal Hilbcrt direct sum of 
finite dimensional Hilbert spaces 

°C: = C°°(M/M n vHv- 1 : r ), (8.1) 

vew 

where tq denotes the restriction of r to K$: = K fl M. Given P G P™ m , and 
t/j G °C, we define the normalized Eisenstein integral E°(P : ip) as in HJ, § 5. This 
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Eisenstein integral is a meromorphic C°°(X: r)-valued function on a* c , which 
depends linearly on ip. It naturally arises in representation theory, essentially 
as a sum of matrix coefficients of the minimal principal series of X. However, it 
can also be characterized by some of its analytic properties, as follows. 

Proposition 8.1 Let P £ 7>™ in and ip € °C. The function v i-» E°(P: ip: v) 
is the unique family in £ p yp (X : r) with the following property. For each v £ W 
and for v in a dense open subset of a* 

q,s- PP (P,v | E°(P: ip : u), ■ ,m) = ip v (m). 

Here q v - PP is the coefficient in the expansion 16.1}) for f = E°{P: ip : v). 

Remark 8.2 It is implicit in the above formulation that the function on the 
left-hand side of the above equation is constant as a polynomial function of the 
variable indicated by the dot. It is known that for v in a dense open subset of 
a* c , there are no terms with log a in the expansion i|6.1[l with f = E° (P : ip : v)\ 
see HO], Thm. 7.5. 

Proof: Uniqueness follows from the vanishing theorem, Thm. 16.111 Thus, it 
suffices to show that, for ip £ °C, the C°°(X: r)-valued meromorphic function 
/: v t—> E°{ip: v) on a* c satisfies the properties mentioned above. By linearity 
with respect to ip we may assume that ip £ °C[A], for some A £ ib£ = i*bp 7 in the 
notation of |14|. text preceding Lemma 14.3. It now follows from ^2], Lemma 
14.5, that / S £p yp (X + : r : <$A)giob, where S\ is the characteristic function of the 
subset {A} of *bp c . Finally, it follows from 0, beginning of Sect. 5, that v h^ f v 
is a C°°(X : r)-valued meromorphic function on a* c . Therefore, / £ ^ p yp (X : r). 
Combining ^J, Eqns. (49), (45) and the display following the latter equation, 
we finally obtain that 

qu-p P (P,v | /„: • : m) = \p P \ P fi(l: v)C P \ P (l: v)~ l ip] v {m) =ip v (m), 

for each v s W and all m S M. D 

Lemma 8.3 Let P 6 P™ ia and ip e °C. Let f be the family in £p yp (X: t) 
defined by f v = E°(P: ip : v), for v £ a* c . Then the S(P)- configuration Tif, 
defined as in the text preceding Definition \6.'d\ is real. 

Proof: In view of ^31, Eqn. (14.12), it suffices to prove a similar statement 
for the function / of |2|, Lemma 14.3. We observe that in the proof of the 
mentioned lemma, TLf is shown to be contained in a S(P)-configuration TL" . 
This configuration is given as TL" = t _1 ?i U TC with t £ W. Now TL is real by 
|14| . Cor. 14.2. It therefore remains to show that TC is real. For this it suffices 
to show that the singular locus of the normalized C- function C p , p (t : • ) is the 
union of a real S-configuration. By [r3| . Eqn. (14.6), it suffices to show that 
the singular loci of C P \ P (1 : -) _1 and C P \p{t: ■) are likewise. In view of [3], 
Cor. 15.5, it suffices to show that the functions Cq\ p {1 : • ) ±1 , for Q £ V 1 ™" 1 , all 
have a singular locus equal to the union of a real E-configuration. The latter 
assertion follows by the argument following the proof of Lemma 3.2 in J21- □ 



30 



We write E°(P : • ) for the meromorphic C°°(X, Hom(°C, y r ))-valued func- 
tion on a* c given by 

E°(P: v. x)ij> = E°(P: ip:u:x), 

for x £ X, i\> £ °C and generic v £ a* c . Following \T2\, Eqn. (2.3), we define 
the dualized Eisenstein integral as the C°°(X, Hom(K r , °C))-valued meromorphic 
function on a* given by 

E*{P: v. x): = E°(P: -v : x)* . 

Finally, we introduce the partial Eisenstein integrals E + , S (P : ■ ), for s £ W, as 
in J21> Eqn. (2.9), see also [T2|, Eqn. (14.11). Let 1 <g> r denote the natural 
representation of K in Hom(°C, V T ) ~ °C* ® V T . Then the partial Eisenstein 
integrals are meromorphic C°°(X + : 1 (g) r)-valued functions on a* . Moreover, 
for i/ 6 a* c a regular point, the partial Eisenstein integral E +tS {P: v) is ED(X)- 
finite. By [14 , Lemma 5.3, it therefore has converging expansions like l|6.1[) . but 
with q^(Q, v \ E +:S (P : v)) a C°°(Xq _ V:+ : 1 eg) r)-valued polynomial function on 
a<2 q ; see ^3], Def. 2.1, for details. The exponents of the partial Eisenstein 
integrals are restricted by 

Exp(P,i; | E +t8 (P: v)) C sX - p P - NA(P), 

for all v £ W. Finally, according to ^2], Eqn. (165), 

E°(P: v) = ^ E +A P: v ) on X +- 

sGW 

The mentioned properties determine the partial Eisenstein integrals completely, 
see |T3], Lemma 2.2. 

We shall now investigate the dependence of the Eisenstein integrals on the 
choice of W. To this purpose, let V W be a second choice of representatives for 
W/Wkhh hi iVR-(ciq). We denote by ^°C the associated space define by <|8.1[) . 
with V W in place of W. The associated Eisenstein and partial Eisenstein integrals 
are similarly indicated with a backprime. 

Lemma 8.4 There exists a unique linear map R: °C —> Vo C such that 

E°(P:v:x)= s E°{P:v:x)oR, (8.2) 

for all x £ X and generic v £ a* c . The map R is an isometric isomorphism. 

Proof: For every w £ W, let v w denote the unique element oPW that represents 
the same class in W/Wkhh- Then for every w £ W we may select an element 
l w £ K such that ^w £ l w wNKnH(&q)- The right regular action Ri w :C°°(Al) — * 
C°°(M) induces a linear isomorphism R w from C°°(M/M D wHw^ 1 : To) onto 
C°°(M/M n "wWw- 1 : r ). Let R:°C -> vo C be the direct sum of the isomor- 
phisms R w , for w £ W. Then obviously R is an isometry. Let i/> £ °C. Then 
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by Proposition 18.11 the map g:v i—» X E°(P: v. x) o Rip belongs to £ P yp (X: r). 
Moreover, it follows from the same proposition that 

q v - PP (P, v w \g v , ■ , rn) = (Ri/>y w (m), (8.3) 

for v £ reg a (g), w £ VV and m <E M. Also, by the definition of R, 

(Ripy w (m) = ip w (ml w ), (8.4) 

for each w £ W and all m 6 M. 

On the other hand, still by Proposition ^. II the map f:v^E°(P: v. x)ip 
belongs to £ P yp (X : r) as well, and for v £ reg a (/), u> € W and m £ M, 

q v - PP {P,w | /„, -,m) =tp w (m). 

This equation remains valid if we replace w in the expression on the left-hand 
side by any element w of wNkhh (Oq)) see ^3], Lemma 3.7. Now ^w = l w w, 
for some w G u>-/Vft- n jy(a q ); hence, applying |14| . Lemma 3.6, with v = w and 
u = l w , we obtain that 

q v -p P {P, s w | /v, -,m) =ip w (ml w ). (8.5) 

Comparing (|8.5|l with l|8.3|l and (|8.4|) and applying the uniqueness statement of 
Proposition 18.11 we infer that / = g. On the other hand, if R:°C — > So C is a 
linear map such that l|8.2[) is valid, then / = g, hence (|8.3|l and 1)8. 5|l are equal. 
This implies (|8.4|l and shows that R is uniquely determined by the requirement 

JS2J. n 

Lemma 8.5 Let P £ Vf iri and s £ W. Then, for all x £ X + ,y £ X and 
generic v £ a* c , the element 

E +tS (P: v. x)E*(P: v. y) £ End(V T ) (8.6) 

does not depend on the choice ofW made in the text preceding \8.1\) . 

Proof: Let R be the isometry of Lemma 18.41 From the fact that the partial 
Eisenstein integrals are uniquely determined by the properties mentioned in the 
text above Lemma 18.41 it follows that they satisfy the transformation property 
<|8.2[1 with on both sides E° replaced by E +yS , for s £ W. See also |2|, Lemma 
2.2. 

On the other hand, taking adjoints of the homomorphisms on both sides of 
<|8.2|1 . and substituting — v for v, we obtain that 

E*{P: v. x) = R*o'E*(P: v. x), 

for all x £ X and generic v £ a* c . From the unitarity of R it now follows that 
the endomorphism l|8.6[) does not change if we replace E +>s and E* by ^E + , s 
and y E* , respectively. □ 
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In the following we consider Eisenstein integrals associated with the standard 
parabolic subgroup Pq G V™ m , but suppress the symbol Pq in the notation. 
Moreover, we agree to write E + for E +: \. We recall from ^2L P- 41, that the 
meromorphic functions v t— * E°(y) and v \— > E + (v) have singular sets that 
are locally finite unions of real S-hyperplanes in a* c . Let TC be the collection 
of the singular hyperplanes for E°(-) and E + (-). Let t G WT(S) be a W- 
invariant even residue weight, see the text following 12.1(1 . Associated with the 
data T, + ,t, we define, for each subset FcA and every element A G *a* F , the 
residue operator Res^ +0 . as in § [5] with respect to the normalization of the 
Lebesgue measures dX of a* and d^p of a* F given at the end of that section. 

The data E + , F and H determine a finite subset A(F) of — K.+F, the negative 
of the closed cone spanned by F, see \TQ, Eqn. (5.1), where between the set 
brackets the requirement 'for some t' should be added. We now recall, from 
[T2*| . Eqn. (5.7), the definition of the kernel K F (u: x: y) G End(K), for {x,y) G 
X + x X and generic v G 0- F „ c , by 

K F {v:x:y) = ]T Res< A+a ., I £ E + (s- : x) oE*(s- : y) j (A + v). (8.7) 

From the definition it follows that v i— > K F (y : • : • ) is a meromorphic function 
on a^ qc with values in the space C°° (X+ x X : r <X> t* ) and with singularities 
along the hyperplanes of a real S r (F)-configuration. Here t <g> t* denotes the 
tensor product representation of K x K in End(I^-) ^ V T ® V*. 

The residue operators in 1)8. 7fl depend on the choices of dX and <i/x F , see the 
discussion in §[SJ therefore, so does the kernel K F . 

Lemma 8.6 Let the data (G,H,K,T,a q ,Y, + ) be fixed as above. Let F c A 
and let t G WT(£) be a W -invariant even residue weight. These data completely 
determine K F d\iF dy, the product of the kernel K F , defined by \8. 7| ), with the 
product measure d/j,F dy on ia F x X. 

In particular, K F dfip dy is independent of the particular choice ofW, made 
in the text preceding |#.i|) . and of the choices of B and dy, made in Sections^ 
and\^ 

Proof: Put 

**■(•)= E E + (s-:x)oE*(s-:y). 

It follows from Lemma f8. 51 that kp depends only on the data mentioned, and 
not on W,B,dy. Moreover, from l|8.7|) and JOJ, it follows that 

K F (v:x:y)d\i F dy= ^ Res* A+a ^(£; F (- + v))(dX)dy. 

xeA(F) 

The occurring residue operators only depend on the data mentioned, and the 
product measure dXdy only depends on the choice of (G, H, K,a q ), by the dis- 
cussion in § 03 All assertions now follow. □ 
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Remark 8.7 Since d/iF and dy do not depend on the choice of W, it follows 
that the same holds for the kernel K F . This fact has already silently been 
exploited in J2L text below Lemma 8.1, where the choice of W is adapted to 
the set F. 

According to ^2]j Cor. 10.10, the kernel K F (v : x : y) extends smoothly to all 
of X in the variable x; more precisely, K F is a meromorphic C°°(XxX, End(V r ))- 
valued function on o^ c with singularities along real S r (i ? )-hyperplanes. 

From J21j Eqn. (5.5) and (5.8), we recall the definition of the linear operator 
T F from C£°(X : r) to C°°(X + : r) by 

T F f{x) = \W\ t(a Fq ) f J K F (v : x : y)f(y) dy dp F (v), (8.8) 

for / G C^? (X : r) and a; G X + . Here dfiF is the translate by ep of the Lebesgue 
measure on ia F normalized as in Section [3] Moreover, s F is a point in the 
chamber a F , arbitrary but sufficiently close to the origin. 

Remark 8.8 If G has compact center modulo H, then ciAq = {0} and £(a A ) = 
1. Moreover, the above is to be understood so that integration relative to d/iA 
means evaluation in 0; also, £a = 0. In this case we agree to write K l A (x : y) = 
K l A (0 : x : y), so that the formula for T A becomes 

Tif(x) = \W\ I Ki(x : y) f(y) dy (8.9) 

J x 

for / G C C °°( X: T ) and x 6 x +- 

In ^21 j Cor. 10.11, it is shown that in fact T F maps into C°°(X: r) and 
defines a continuous linear operator C£°(X: r) — ► C°°(X: r). Moreover, by 
[T2], Thm. 1.2, it follows that 

I=J2 T f on Cc°°(X:t). (8.10) 

FcA 

Lemma 8.9 Le£ (G, 7?, i"T, r, o q , S + ) and (_F, i) be data as in Lemma \8. 61 These 
data determine the operator T F , defined by 18.81) . completely. 

Proof: This follows from Lemma OOD Q 



We finish this section with a discussion of how the kernels K F and the 
operators T F behave under isomorphisms of reductive symmetric spaces. 

Let ip:G-^^G be an isomorphism of reductive groups of Harish-Chandra's 
class, and put S H = <p(H), y K = tp(K), V: = roip -1 , ^a q = y(a q ). Let V S be 
the root system of v a q in N g and let K W denote the associated Weyl group. The 
isomorphism ip naturally induces the linear isomorphism o* c — ► ^a* c given by 

v ^ V:= i/o^ _1 |x aq . 
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This isomorphism restricts to an isomorphism of root systems E — ► X E. Let E + 
be a positive system for E and V E + the corresponding positive system for V E. 
Let A and X A be the collections of simple roots for E + and V E + , respectively. 
We denote by V F the image in V A of a subset F C A. 

The map tp also naturally induces a bijection from WT(E) onto WTfS), 
which we denote by t i— > y t. If £ £ WT(E) is W^-invariant and even, then v t S 
WT(*S) is N VF- invariant and even. 

We put X = G/H and V X = ^G/^H. Then the map <^ factors to a diffeomor- 
phism Cp: X — > V X. This diffcomorphism induces the isomorphism cp*: C°°(X : r) — > 
C°°QX : V), given by / »-> / o p" 1 . It maps C* C °°(X : r) onto C^fX : V). We se- 
lect invariant measures dx and x dx on X and V X, respectively. As in Section |3] 
this choice determines Lebesgue measures dX and s d\ on ia* and z v o*, respec- 
tively. As in Section |3 we fix bilinear forms B and y B on g and N g, respectively. 
These choices determine densities c?/j,_f and d^F on JaJ^ and i~at F q , respectively. 

Let l^Jp be the analogue of the kernel K F for the data ( X G, y H, y K, V, x a q , V E+, 
'F, % 'dx, y B) in place of (G, iJ, X, r, o q , E+, F, i, dx, B). Moreover, let F F be the 
associated analogue of the operator T F . 

Lemma 8.10 Let notation be as above. Then 

KipCv: <p(x):<p(y)) V *(dii> F )<p*Cdv) = K t F (v:x:v)dii F dy, (8.11) 

for x, y € X and generic v 6 a* c . Moreover, the corresponding operators are 
related by 

Tl FO ip* = ^oT F on C c °°(X:r). (8.12) 

Proof: In view of Lemma 18.61 it suffices to prove the identity (|8.11|) in case 
y W, x dx and y B are compatible with W, dx and B, via cp. It then follows from 
the definition of the kernels that 

Kl t F C'>:<p(x):<p(v))=K t F (i':x:v), 

whence (J8.11I) . 

Equation H8.12[l now follows by combining (|8.11|) with lj8.8|l and using the 
relations induced by ip between the data associated with G and ^G. □ 



9 The generalized Eisenstein integral 

In this section we shall use the vanishing theorem to give an alternative charac- 
terization of the generalized Eisenstein integral defined in J21> Def. 10.7. This 
characterization, which is in the spirit of Proposition 18. II will be used through- 
out the paper. 

For the moment we assume the G has compact center modulo H. Then, with 
notation as in Remark 18.81 we define the space 

A\X : r): = span{i^( • : y)v | y 6 X+, v £ V T }. (9.1) 
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This space equals the space C„ of J2L Eqn. (10.2), with F — A and v = 0. It 
is finite dimensional and consists of D(X)-finite functions in C"(X: r), see |12j . 
Lemma 10.1. We adopt the new notation (|9.1|l in stead of C v to avoid confusion 
with the space defined by (|8.1|) . 

Lemma 9.1 Lei G have compact center modulo H , and let t G WT(S) be a 
W -invariant even residue weight. Then the space A (X: r) equals the image 
TA(C c °°(X:r)). 

Proof: From ^2]> Lemma 10.2, it follows that K^ extends to a real analytic 
function XxX^ End(V r ) ~ V T <g) I 7 ,.* which is r (8) r*-spherical. 

By density of X + in X, continuity of K\ and finite dimensionality of the 
space A t (X: r), it follows that the latter contains the function K l A (- : y)v for 
every y G X and v EV T . This implies that T l A maps C£°(X : r) into „4'(X : r). 

To see that the converse inclusion holds, suppose that £ is a linear functional 
of A t (X : r), vanishing on im (T*J. Then it suffices to show that £ = 0. 

For every x G X and 77 6 V^.*, let £ Xj?7 denote the linear functional <p 1— > 
T]((p(x)) on A t (X : r). The intersection of the kernels of these linear functionals, 
asieX and 77 G V^*, is zero. Therefore, these linear functionals span the dual of 
A* (X : r) , and we see that there exist n > l,xi,.. . ,x n G X and 771, . . . , r\ n G V* , 
such that £ = Yll— 1 ^*3:% ■ I n y i ew of (|8.9|) . the fact that £ vanishes on im (T^) 
implies that 

E / %^Afe : V)M dy = 

3=1 Jx 

for all / £ C£°(X : r). By sphericality of ii^ in the second variable, the above in- 
tegral also vanishes for all functions / G C^°(X, V T ). Hence, J^ ■ i]jK^(xj ■ ' ) = 
as a function in C°°(X, F T *). It follows that £(X A ( • : ?/» = 0, for all y G X+ 
and 7j G VV- In view of l|9.1|l . this implies that £ = 0. D 

We now assume that G is arbitrary again. Let FcA and let F W C Nk (o q ) 
be a choice of representatives for WF\W / /VF^ n H • If £ G WT(E) we denote by 
*i the induced residue weight of Tip, see ^T], Eqn. (3.16). Let t be W-invariant 
and even; then *t is W^-invariant and even. 

If v G F W, let K F t (Xp^ v : m: in'), for m,m' G X^„, denote the analogue 
of -ftT^ for the symmetric space Xp, v - Note that Mp has a compact center, so 
that the discussion of the beginning of this section applies to Mp in stead of 
G. In particular, the data (Mp, Hp, Kp,Tp,*aF q ,J^p,*t) determine the finite 
dimensional space 

A* t (X F , v : t f ) = spa,n{K F t (X F ,v : ■ : m!) \ m' G Xf, v>+ }. 

Note that this space was denoted Cf,v in ^2| > Eqn. (10.7). We define 

Ap 1 = ® vG f w A**(X F ,v ■ tf); (9.2) 

this formal direct sum was denoted Cf in ^2J> Def. 10.7. The natural projections 
and embeddings associated with the above direct sum are denoted by 

pr Fll : Ap -► / ! (Xf,„ : tf) and \ F . V : A H (Xf, v ■ Tf) -> A H 



F- 
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for v G F W. Given ip G A F we shall also write ip v : — pr Fll V- 

The generalized Eisenstein integral E F (ip : v), defined in [F2\, Def. 10.7, is a 
function in C°° (X : r) that depends linearly on ip G A F and meromorphically 
on v G a F . We shall not repeat the definition here, but instead give a charac- 
terization based on the vanishing theorem, Theorem 16. Ill The following result 
will allow us to show that E F (ip : ■ ) belongs to the space of families £ F yp (X : r) 
introduced in Definition 16.61 with Q = Pp. For its formulation, we recall some 
notation from |12|. § 8. 

In the rest of this section we write E°(X: x): — E°(Pq : A : x). Similarly, if 
V G F W, we write E°(Kip }V : v. m) for the normalized Eisenstein integral of 
Xi F]1J , associated with the minimal parabolic subgroup M\pC\Pq. The analogue 
of the space °C for the latter Eisenstein integral is 

°C F y. = ® wGWf ,„ C°°(M/M n wvHv^vj- 1 : r ). (9.3) 

Here Wf,v C NM F nK(a q ) is a choice of representatives for Wp/W KF , nvHv -i; 
see (T2|, Eqn. (8.2). Adapting the set W if necessary, we may assume that 
W F ,v C W. Then W is the disjoint union of the sets Wf,v, for v G F W, see [H) . 
Lemma 8.1. Accordingly, i Fj „ denotes the natural inclusion °Cf,v — > °C, defined 
as the identity on each component of l|9.3|) . Moreover, 

°C = ©„ e F W i F ,„( C F ,,). (9.4) 

We denote the associated projection operator °C — > C Ft , by pi> , for v G F W. 

Lemma 9.2 Let C be a Laurent functional in A4(*a* F ,,, S F )j* aur ® °C. Then 
the family g: a Fc — > C°°(X : r), defined by 

g{v,x):=C[E°{u + ■ : x)\ 

belongs to £ F y y(X: r), mi/i Y = supp£. Moreover, if v £ F W, then f 



or v in a 



dense open subset of a* F c , 

q v - PF (PF,v | g u ,X,m) = £[E° (X 1F<V : ■ + v. m) opr F J, (9.5) 

/or a/Z A G a Fq and to G X F/u , + . _ffere pr Ft , denotes the projection associated 
with {Pgp . 

Proof: It suffices to prove the result for a Laurent functional of the form 
£ = £'®^, with £ G X(*a Fqc ,E F )!* aur and ip G °C. Define the family / by 
f(v: x):=E°{v: x)ip. 

It follows from [Sj, p. 52, Lemma 14, that there exists a locally finite col- 
lection Ti of E-hyperplanes in a* and a map d: H — » N such that / belongs 
to _M(a qc ,H,d,C°°(X: t)). From [H], Lemma 13.1, applied with Q = P Fl it 
follows that g is a meromorphic function on a* F c with values in C°° (X : r) . 

It follows from ^> , Lemma 14.5, that there exists a <5 G Dp such that / be- 
longs to £ Q lyp (X + : t : <5)h g iob, see |14|. Def. 13.10, for the definition of the latter 
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space. According to [T3|, Thm. 13.12, this implies that g g £p yp (X + : r) g i b- 

We conclude that g g £ F ^(X : r). 

The family / equals the family fw defined in ^3], Prop. 15.4. It follows 
from that proposition, applied with Q = Pp and with £' in place of C, that 
l|9.5|l holds for each v g F W, generic v g a* F and all X g a* F and m g X Fj1Ij+ . 
Combining this with ]TQ, Theorem 7.7, Eqn. (7.14), we see that l|9.5|) holds for 
all v in a dense open subset of a* F , every v g F W, X g a* F and all m g Xp )Vt +. 

a 



Theorem 9.3 Let ip g A F • ■ Then g: v t— ► E F (ip : v) is the unique family in 

•"F 



£^ yp (X : t) wra£/i i/ie following property. For all v in some non-empty open subset 



of a* F c and each u g W, 

q u ^ PF (Pp,u | g v )(X,m) = ip u (m), (X £ a Fq , m eX FtV , + ). (9.6) 

Remark 9.4 If F = A and G has compact center modulo ii\ then ciFq = {0} 
and / i— ► /o defines a bijection from £ F yp (X: r) onto „4(X: r), the space of 
D(X)-finite functions in C°°(X: r), see Remark 16.81 Moreover, F W consists of 
one element which one may take to be 1, Mp/MpflH ~ X, and Ap ~ -4*(X : r). 
Finally, with notation as in the above theorem, go = -0, so that ijj i— » E F (ip : 0) 
is the inclusion map A t (X : t) — > _4.(X : r). 

Remark 9.5 In the proof of Theorem I9.3I we will encounter the set 

A(Xp v ,F)c-R+F, (9.7) 

which is defined to be the analogue of the set A(A) of l|8.7(l . for the data 
{X F , V , *a Fq , £+) in place of (X, o q , £+). 

Proof: Uniqueness follows from the vanishing theorem, Theorem 16. Ill hence, 
it suffices to prove existence. 

In view of H9.2J) . we may assume that ip £ A t (X F . v : rp) for some v g F W. 
According to ^2], Eqn. (10.9), we may then express ip as follows 

V>(m)= J2 Resl t [E°(Xp, v :--:m)<P(-)}, (m € X F ,„), (9.8) 

AeA(X F ,„,F) 

where 

k 
$(A) =Y / K( X f,v : -A: m>, g °C F , V , (A g *a Fqc ), 

i=i 

with {mi, . . . , TOfc} a finite subset of X F)J ,+, and {t>i, . . . , v^\ a finite subset of 
V T . We now note that 

Kp:= Y^ Res A* ( 9 - 9 ) 

AGA(X F ,„,F) 
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is a Laurent functional in .M(*a Fqc , £F)* aur j moreover, according to ^2]> Def. 
10.7, the generalized Eiscnstein integral is given by 

g{v,x)=K F [E a {v- ■ :x)oi F>v <b(.)}. 

Define the Laurent functional C £ M(*a* Fqc , ^ F )* aur <8) °C by 

Co<p:=n F [<p(--)oi FtV 9(.)], (9.10) 

for ip £ M(*a* Fqc , £ F ) ® °C*. Then the generalized Eisenstein integral is given 

by 

g{v,x) = £ Q [E°(v+ ■ : x)]. 

It now follows from Lemma T9. 21 that g £ £ F yp (X: r) and that, for v in an open 
dense subset of a Fqc and all X £ a Fq and to e X Fj1 , j+ , 

q„- PF (P F , u | gr„, X, m) = £ [£°(Xf,„ : v + • : m)opr Fu ] 

= n F [E°(X FtV : v- ■ : m) opr F „ oi F ,„$( • jjjLll) 

If u ^ w, then the latter expression equals 0. Since also ip u = 0, the identity 
(|9.6|l then follows. On the other hand, if u = f, then pr Fu oi F „$( • ) = $(•); 
hence, l|9.11|l equals the expression on the right-hand side of (|9.8|l . and since 
ip v = ip, the identity (|9.(i|l follows. D 



Corollary 9.6 There exists a locally finite collection Hq of hyperplanes in a Fqc 
such that the following holds. Let ip £ A F and let g be defined as in Theorem 
\9.tft Then the meromorphic function v v— > g v is regular on the complement of 
UHq. Moreover, for every u £ F W, X £ a Fq and to 6 X Ft , !+ , formula \9.b\l 
holds for all v £ a F \ liHo . 

Proof: Let 1 denote the image of 1 in W/^p f \p f1 see (I7.1|) . Let 

v^qi,o(PF,u\g)(v,X,m) (9.12) 

be the function in A4(a F c ,'E r (F),V T ), defined as in Proposition 17. II By |14|. 
Thm. 7.7, there exists a locally finite collection Ho of hyperplanes in a Fc such 
that v i— > g v is regular on o F \ UHo and for every u £ F W, all X £ a Fq and 

m £ X F „ i+ , 

qi a (P F ,u | g)(v,X,m) = g„_ PF (P F ,u | g„,X,m), (9.13) 

for all ^ £ i Fqc \ UWo- By linearity in ip and finite dimensionality of the space 
Ap , the collection Ho can be chosen independent of if 1 - Combination of l|9.13|l 
and H9.6fl gives that the meromorphic function l|9.12|l is constant and equal 
to t/v(to). In view of l|9.13|l it now follows that (|9.6[) holds for all X £ a Fq , 
m £ X Fi „ ]+ and v £ a* Fqc \ UHo. □ 
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From the uniqueness statement in Theorem l9.3l it follows that the generalized 
Eisenstein integral E F (ip) £ £ F yp (X : r) depends linearly on if) £ A F . We agree 
to write E° F (y : x)ip:= E° F {ip: v. x), for x £ X and generic v £ a F c . Accord- 
ingly, we view the generalized Eisenstein integral as a meromorphic function on 
a F q c with values in C°°(X : r ® 1); here r ® 1 denotes the tensor product rep- 
resentation in Rom(A*p,V T ) ~ V T (g) (-4 F )*. In accordance with [2|, Def. 10.7, 
we put 

S> |0 (i/ : a;): = £>(»/ : x) o i F ,„ £ Hom(^**(X Fil , : r F ), F T ), (9.14) 

for v £ F W, x £ X and generic z/ £ a Fqc . 

Lemma 9.7 Let v £ F W and let ip £ A' t (X F ^ v : t f ). 

(a) There exists a Laurent functional £ £ M(*a F c , S F )* aur ® °C F . V such that 

ip(m) = £[E°(X F , V : • : m)], (m £ X F)0 ). (9.15) 

(b) There exists a functional as in (a) with support contained in A(K FjV , F), 
the set introduced in Remark \9.5\ Ln particular, the support of this func- 
tional is real. 

(c) If £ is any Laurent functional as in (a), then, for all x £ X, 

E Fv {v:x)^ = £[E°{ V + ■:x)o\ FtV \ 

as an identity of meromorphic functions in v £ a Fqc - 

Proof: As in the proof of Theorem 19. HI we may express ip by Q9.8JI . Let £q be 
defined as in (|9.10jl and let the Laurent functional £ £ M(*a* Fqc , E f )^ U] .^°Cf,v 
be defined by £<p = C ((fi( ■ ) opr FtI ), for ip £ M(*a Fqc ,Y, F ) <S> °C Fv . Since 
pi Fv oi Fjt , = I on °C F , V , it follows from (|9.1U|) . I|9.9|l and 1)9.811 that £ satisfies 
H9.15JI . We observe that supp£ c supp7^ F C A(X F _ V ,F); in particular, £ has 
support contained in *a Fq . This establishes (a) and (b). 

Now assume that £ is a Laurent functional as in (a). Let £' be the Laurent 
functional in M(*a* Fqc , S f)* aur <g> °C defined by £'ip = £(ip( ■ ) oi Ft ,). Then it 
follows from Lemma 19. 21 that the family g: a Fc x X — > V^- defined by 

5 (z/,x) = £'[£> + -:x)] 

belongs to £ F yp (X: r) and satisfies, for u £ F W, ^ in an open dense subset of 
a Fc and all X £ a Fq and m G X Fu , 

q v - PF {P F ,u\g v ) = £'[E°(X F , V : -)°P r F,«] 

= £[_E (X Fj „ : • ) o pr Fu o i FlJ ] 
= pi F>1t ai F , v ip. 

Here we note that the last equality is obvious for «/», since then pr F u o i F}V = 
0. On the other hand, if u = V, then pr Fu oi F „ = 7 on .4 (K FjV : t f ) and the 
equality follows from the assumption on x/j. It now follows from Theorem 19.31 
that g(v, x) = E F {v : x) o i FtV ip. D 
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Combining the above result with Lemma fe. 31 we obtain the following infor- 
mation on the asymptotic coefficients of the generalized Eisenstein integral. We 
put 

Y(.F):=U,, e F W A(X FtV ,F). (9.16) 

This is a finite subset of — M. + F, which in turn is contained in *a* Fq . 

Lemma 9.8 Let F C A and tp G A F . The family f:(v,x) i— > E F (y: x)ip 
belongs to £ F y, F s(X: r). Moreover, the E r (i 7 ')- configuration Tij, defined in the 
text preceding Definition \6.3[ is real. 

Put k = deg / and let Q G V a , u G A^(a q ). Then, for every a G W/~q\p f 
and all £ G -a ■ Y(F ) + A. r (Q), 

«<x,f(Q,« I /) 6 ft(0Q q )®A<(05. qp ,«/,rf/,C oo (XQ )< ,:r<})). (9.17) 

Proof: From Theorem l9.3l it follows that / G £ F y y(X : r), with Y a finite subset 
of *a* Fqc . 

For the first two assertions we may assume that /„ = E Fv (i/)tp, with ^ G 
A H (X Fv : t f ). Select C G X(*a> qc ,EF)f aur ® °C Ft , as in Lemma l9~7l (b) . Ac- 
cording to Lemma IS"3l there exists a real E-configuration TC in o* such that for 

every ip' G °C F<V , the family g:X i— > E° (\)i F<v i()' , which belongs to £ iyp (X: r), 
satisfies 7i g c 7i. It now follows from Lemma 19.71 (c), combined with |14|. 
Prop. 13.2, that Y C Y(F) and that H/ C H F (Y(F)), with the latter set 
defined as in ^3], Eqn. (11.6). It follows from the mentioned definition and 
the fact that H and Y(F) are real, that 7i F (Y(F)) and hence Hf are real. It 
remains to establish (I9.17|) . 

Let Q, u, a be as asserted. With a reasoning as above, it follows from Lemma 
19.71 combined with p2], Lemma 14.5 and Proposition 13.9, that / is holomorphi- 
cally cr-global along (Q,u) (see [H], Definition 13.6). Let £ G -a -Y + NA r (Q). 
Then 1)9.17( 1 follows by application of |14| . Proposition 13.8. D 



10 Temperedness of the Eisenstein integral 

In this section we show that the generalized Eisenstein integral E F (i/)ijj, defined 
in the previous section, is tempered for regular values of v in ia* Fq - 

Let us first recall the notion of temperedness. Following 5 , p. 415, we define 
the function 9: X ->■ R by 

0(a:) - v^WP), 

where S is the elementary spherical function ipo associated with the Riemannian 
symmetric space G/K. 

Moreover, wc define the function ^x: X — * [0, oo [, denoted r in [S], by 

l x (kah) = \loga\, {k G K, a G A q , h G H). (10.1) 
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Definition 10.1 A ED(X)-finite function / in C°°(X : r) is said to be tempered 
if there exists a <i G N such that 

supa + Zxr'e-l/IKoc. (10.2) 

X 

The space of these functions is denoted by .4temp(X : r). 

The following lemma gives a criterion for temperedness in terms of ex- 
ponents. We assume that P mm c P" lm is a choice of representatives for 
V^/Wkhh and that W C N K (aq) is a choice of representatives for W/Wkhh- 
We also assume that Pi is a fixed element of P™ un . 

Lemma 10.2 Let f G C°°(X: r) be a H)(X) -finite function. Then the following 
conditions are equivalent. 

(a) / G Acm P (X: t). 

(b) For each P G p mm and every £ G Exp (P, e \ f) the estimate Re^ + pp < 
holds on a+ (P). 

(c) for each v G W cmd every £ G Exp (Pi , v | /) i/ie estimate Re £ + pPi < 
ZioWs on a+ (Pi). 

Proof: By sphericality and the decomposition G = cl Up e pmin iryl+(P)Pr, 
see 3 , Cor. 1.4 and top of p. 232, the estimate (|10.2(1 is equivalent to the 
requirement that, for each P G P min , 

sup (l + |loga|)- d e( a )- 1 ||/(a)||<co. 

a€A+(P) 

By jSJj Prop. 17.2, there exist constants C > and N G N such that, for each 
P G P min , 

a~ pp < 8(a) < C (1 + | logaD^a-^ (a G A+(P)). 

Therefore, 1)10. 2|l is equivalent to the existence of a constant d' G N such that, 
for each P G P min , 

sup (l + |loga|)- d 'a pJ, ||./-(a)|| < oo. 

aGA+(P) 

According to |3], Thm. 6.1, this condition is in turn equivalent to (b). This 
establishes the equivalence of (a) and (b), for any choice of P min . The equivalence 
of (b) and (c) follows from the observation that {y~ x P\v | v G W} is a choice of 
representatives for P™ m /Wkhh combined with the fact that Exp(w _1 Piw,e 
/) = v~ l Exp(Pi,v | /), for v G W, by [H], Lemma 3.6. □ 
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If G has compact center modulo H and t £ WT(S) is a VF-invariant even 
residue weight, then according to ^5|> Lemma 10.3, there exists, for every choice 
of Hilbert structure on the space ,A*(X : r), a unique endomorphism a = a* of 
this space, such that 

K\(x:y)=e(x)oaoe(y)*, (10.3) 

for x, y £ X + . Here the map e(x): ,4'(X : r) — > V T is defined by ip i— > <p(x). The 
corresponding function e, with values in Hom(.4*(X : r), V T ) ~ V T ® A t (X : r)*, 
is a r (g> 1-spherical real analytic function on X. We recall from J^L Lemma 10.3, 
that a is self-adjoint and bijective. 

In the following we assume that t £ WT(S) is a VF-invariant even residue 
weight and that F C A. We equip each finite dimensional space A t (X-F,v ■ Tf), 
for v £ W, with a positive definite inner product. Moreover, we equip the 
direct sum space .A F ', defined by 1)9. 2J1 . with the direct sum inner product, 
denoted ( • | ■ ) . Here and in the following, we use a bar in the notation of an 
inner product to indicate its sesquilinearity. Moreover, all such inner products 
will be antilinear in the second variable. 

Let a Fv = <Xf,v be the analogue of the endomorphism a for (X.f,v,t~f), and 
let a F = aF £ End(^4 *) be the direct sum of the (Xf,v, f° r v £ F VV. Then aj? 
is self-adjoint and bijective. Moreover, according to ^2L Prop. 10.9, see also 
Lemma 10.2, we have, for x, y G X, 

K F {v: x: y) = E F {v: x)oa F °E F {v: y) (10.4) 

as an identity of End(V T )-meromorphic functions in the variable v £ a* F c . Here 
E F denotes the dual generalized Eisenstein integral, defined by 

E F {v : y): = E° F {-v : y)* £ Rom(V T , Ap l ), (10.5) 

for y £ X and generic v £ a Fqc - 

Lemma 10.3 There exists a locally finite collection Ji\ of affine hyperplanes in 
a F c , such that v t— > E F {y) is regular on a. F „ c \\JH\, and such that the following 
holds. For every v £ a Fc \ UWi, 

spa,n{E F (v : y)t» | y £ X+,v £ V T } = A^. (10.6) 

Proof: Let Ho be the collection of hyperplanes of Corollary 19.61 and let Hi 
be the image of Tto under the map v t— » —v. In view of l|10.5|l the function 
v i— » E F (v) is regular on the complement of \JH\ ■ 
Let v £ ajp qc \ UH\ and let ^ £ A F . Assume that 

{ip | E* F {v : y)v) = for all y £ X+, v £ K- 

Using 1)10. 5|l we see that E F (—D)ip = 0. It now follows from Corollary 19.61 that 
ipu = for each u e F W. Hence, ip — and (fTT7T^|) follows. D 
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In the following we write p — pp , where Pq denotes the standard parabolic 
subgroup in P™ ln . 

Lemma 10.4 Let v G V T and y G X+. Then the family f: (y, x) ^— > K F [v : x : y)v 
belongs to £ F yp (X: r). Moreover, for every v G reg / and each u G W, 

Exp (P , u | /„) C 1F F (^ + A(F)) - p - NA, (10.7) 

where A(P) denotes the finite subset of — R + F introduced in J#.7| ). 

Proof: The first assertion follows from (|10.4|) and Thcorcm l9.3l 

According to ^^L Prop. 3.1, the function A t-> E*(P : A : y)i> belongs to the 
space M(a^ c , S)(8)°C(t). Combining this with ^2], Lemma 14.3, we deduce that 
the family h: a* c x X + — ► V^ T , defined by 

fc(A,x)= ^ £ + , s (P :A:x)£*(P :A:?/> 

belongs to 4 yP ( x + : T )> hcncc to C*Q P ' hyp (X + : r). Using [H|, Eqn. (14.13), we 
see that if s G W, p G NA and u G A^(a q ), then 

g s , M (Po,u \h)^{) => seW F . (10.8) 

In the notation of §0 define the Laurent functional C G M.(*a* F c , Si?)* aur by 

£= E Res >+°v 

AeA(-F) 

then supp£ C A(F). It follows from Jg^ that f = £*h. From 14, Prop. 13.2 
(b), it now follows that there exists an open dense subset f2 C 0. F c such that, 
for i/£fi, 

Exp (P , u | /„) C {»(i/+A)-p-j« s G W, A G A(F), /t G NA, g,, M (fl,, w | h) £ 0}. 

In view of i|10.8fl this implies that the inclusion (|10.7(l holds for v G fl. From 
/ G £ F yp (X : r) it follows in particular that there exists a finite subset Y C *a^ 
such that / G C£Py yp (X + : r). The canonical map W — > W/Wf restricts to a 
bijection s i-> s from IU F onto W/W F . For s G VF F we put E s = -sA(F) +NA. 
We now apply Lemma I7~21 with Q = P F , P = P , so that VU/~ P | Q ~ W/W>, 
and with E a as just defined, for a G W/Wp. Then it follows that the inclusion 
(jT0~7|) holds for v G reg /. □ 

Theorem 10.5 Lettjj G A F andp G II Sr ( F )(a^ ). Then g: {v,x) »-> p{v)E° F (i> : x)ip 
defines a family in £ F yp (X: r). Moreover, for each v G W and every v G regg, 

Exp (P ,i; | ffv ) G W F (i/ + A(F)) - p - NA, (10.9) 

where A(P) denotes the finite subset of — K+F introduced above J8.7J ). 
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Proof: The first assertion follows from Theorem 19.31 By Lemma 111). 31 there 
exists a f o G a Fqc and elements yj £ X + and Vj £ V T , for 1 < j < r, such 
that Of o Ep(i/o : yj)vj, 1 < j < r is a basis for ^4 F *. Define meromorphic .Ap- 
valucd functions on a* F c by ^-: = ap o E F ( ■ : yj)vj, for 1 < j < r. By standard 
arguments involving analyticity and linear algebra it follows that (ipj(v) | 1 < 
j < r) is a basis for Ap, for ^ in an open dense subset of a F c . Moreover, 

^ G ^4p may be expressed as a linear combination ip — J2i<j<r c j( l ')' t Pj( 1 ')' 
with meromorphic functions cf a Fc — > C. Using (|10.4|l we now deduce that 

r 

g(u :x)=^2 c A v )v(v)K F {v : x : yj)vj, 
i=i 

as an identity of meromorphic functions in the variable v £ a* F c . From Lemma 
I10.4l it follows that there exists a dense open subset SI C a Fqc su ch that v i— > ^ 
is regular on fi and such that, for ^ G S7, the inclusion l|10.9|l is valid. From 
g £ £ F yp (X: r) it follows that there exists a finite subset Y C *o F such that 

g £ C° F y yp (X + : r). By the same argument as at the end of the proof of Lemma 
110.41 we now conclude that the inclusion (|10.9|) is valid for every v £ regg. □ 

Corollary 10.6 Let notation be as in Theorem \1U.51 Then, for each v £ 
ia* Fq r\regg, 

9v £ Acm P (X: t). 

Proof: Let v £ ia F fl regg. Then from (|10.9I) it follows that every (Pq,v)- 
cxponcnt of g u is of the form £ = s(v + n) — p — fi, with s £ W F , r\ £ A(F) and 
(j, £ NA. Now A(F) C -R+F, hence sn £ -K+S+. It follows that Re£ + p = 
srj — /i £ — R + A, hence Re£ + p < on A+(Po)- In view of Lemma fit). 21 this 
implies that g v £ -4t C mp(X : r). D 



11 Initial uniform estimates 

In this section we shall derive estimates for the generalized Eisenstein integrals 
E° F (v), with uniformity in the parameter v £ a F c , from similar estimates for the 
normalized Eisenstein integral E°(X) = E°(Po : A). The idea is that estimates 
of the latter survive the application of certain Laurent functionals. 

We start with an investigation of the type of estimates involved. For Q £ V a 
and R £ R, we define 

a* Qq (Q, R): = {v £ a* Qqc | Re (u , a) < R, Va £ S r (Q)}. 

The closure of this set is denoted by aQ q (Q,R). It is readily seen to consist of 
all elements v £ ag qc with Re {v , a) < R for all a £ E r (Q). 

In the following lemma we assume that S is a finite subset of Uq \ {0} and 
we use the notation of Section 0] 
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Lemma 11.1 Let R G K, p G n s (ag q ), u G S(Oq ) and n G N. TTiera /or every 
rea? number i?_ < i? and every 5 > £/iere exists a constant C > wii/i i/ie 
following property. 

Assume that V is any complete locally convex space, s a continuous semi- 
norm on V and b > a constant. Moreover, let f:an (Q,R) -^ V be a holo- 
morphic function satisfying the estimate 

s{p{v)f{v))<{l + \v\) n e b ^K 

for all v G cig q (<3, i?). TTien 

s{uf{v)) <C{l + \v\) n e h5 e h ^ v \ 

for all v G ag q (Q,.R_). 

Proof: It suffices to prove this on the one hand for u = 1 and p arbitrary 
and on the other hand for p = 1 and w arbitrary. In the first case the proof is 
essentially the same as that of Lemma 6.1 in [5], which is based on an application 
of Cauchy's integral formula. 

In the second case the proof relies on a straightforward application of Cauchy's 
integral formula. □ 

Let H. be a ^-configuration in a* c . For Y C *cig qc a finite subset, we define 
the S r (Q)-configuration Hq(Y) = H a * c (Y) in a Qqc as in (|4.6p. with L = cig qc 
and S 1 = F, see also 14 , text preceding Cor. 11.6. Thus, for v G cig qc , we have 

v G o Qqc \ UHq(Y) «=► {VA G y Vff G W: A + ;/G#^A + o Qqc C fl"}. 

Let now £ G .M(*Clg qc , Sg)* aur have support contained in the finite subset Y of 
*Og c . For any locally convex space V we have an associated continuous linear 
operator £* as in IJ4.7I) . The following result expresses the continuity with 
uniformity in the space V. 

Lemma 11.2 Let Ti,Y,C be as above, and let d:TL — > N be a map. Then there 
exists a map d': TLq{Y) — ► N ii/ii/i t/ie following property. For any locally convex 
space V, the prescription 

C*f{y)=C\j '(•+!/)] 

defines a continuous linear operator 

£.*:M(a: ic ,H,d,V) ^ M(a* Qqc ,H Q (Y),d',V). 
Proof: This is Cor. 11.6 of |T3|. D 

A real E r (Q)-configuration TC' in Og qc consists of hyperplanes of the form 

H a y. = {v G Og qc (a , v) = s}, 

with a G S r (Q) and s G R. The configuration W' is called Q-bounded if there 
exists a constant so G K such that H as G Tt' =>• s > sq, for all a G S r (Q), s G K. 
See |11|. text before Lemma 3.1, for the similar notion for Q minimal. 
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Lemma 11.3 Let Q G V a , P G P™ in and P C Q. Let Y C *a^ q &e a ^mie 
subset. 

(a) If TL is a P-bounded real £- configuration in a* c , then TLq(Y) is a Q- 
bounded real Ti r (Q)- configuration in Oq c . 

(b) If TC is a Q-bounded real T, r {Q)- configuration in <x*q c , t/ie?i /or every 
ReR the collection {H € TC \ H n a^ q (Q, P) 7^ 0} is /mite. 

(c) 7/ W «s as m (T)/ 1 , then for every R G R t/iere exists a constant P + > i?, 
such that Hna* Qq {Q,R)^$ <=^ Hna* Qq (Q,R+) ^ $, for every H e TC. 

Proof: There exists to S R such that the hyperplanes in TL are all of the form 
Hp.t, with (3 G £(P) and t G [to, 00 [. Let r\ G 1" and assume that —77 + Pg jt 
intersects cin qc in a proper hyperplane P'. Then it follows that the restriction 
a — P\ aQci is non-zero, hence belongs to £ r (Q). Moreover, H' = P QiS with 
s = t— (/3 , 77). Let m be the maximum of the numbers (/3 , 77) , for /3 G E(P) \ Sq 
and i) 6 7 and put so = to — TO. Then it follows that every hyperplane from 
TCq(Y) is of the form H as , with a G £ r (Q) and s > 80. This establishes (a). 

To prove (b), fix a G £ r (Q) and put I a>R = {s G R | P„ :S G W, P Q>S n 
ttg q (Q,P) 7^ 0}, for every P > 0. Then it suffices to show that I Qi _r is finite. 
Since TL is locally finite, the set I a _R is discrete, and since TL is Q-bounded, the 
set I a ,R is bounded from below. If h G H as n SQ q (Q, P), then s — (a , h) < R. 
It follows that the set I q ._r is bounded from above by R. Hence, I a ,R is finite. 

For (c) we observe that R < R 1 => I at R c /«,«' ■ Fix P' > R. Using that 
I a ,R' is discrete, we see that we may choose P+ G ] P, P' [ sufficiently close to 
R so that I a ,R + = Ia,R for all a G E r (Q). The constant P + has the required 
property. □ 

If TC is a Q-bounded real S r (Q)-configuration in <Hq c , and d':TC — * N a 
map, then, for P G R, we define the polynomial function ~KQ t R t d> on Oq c in 
analogy with 1|4.3[) by 

n,d'(H) 

if 

where the product is taken over the collection of H G TC whose intersection 
with a*Q (Q,P) is non-empty; this collection is finite by Lemma [11.31 (b). It 
follows from Lemma |ll. 31 (c) that ttq^r^' = ftQ,R + ,d', for P+ > R sufficiently 
close to R. 

Proposition 11.4 Let Q G V a , P G P™ in and P C Q. LetY C *Og q &e a /mite 
subset and let £ G Al(*aQ c , Sg)* aur &e a Laurent functional with supp£ C 
Y. Let TL be a P-bounded E- configuration in a* d:TL — > N a map 7 and Zet 
d':TLQ{Y) — > N oe associated with the above data as in Lemma \ll.2\ Let M > 
max, e y |Re 77I and assume that R, R' G R are constants with Y + cIq (Q, P') C 
a*(P, P_) /or some P_ < P. 

There exists a constant k G N anrf /or every n G N a constant C > wret/i 
t/ie following property. 
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If V is a complete locally convex space, s a continuous seminorm on V, b > 
a positive constant and ip a function in A4(a* c , H, d, V) satisfying the estimate 

s (^ PAd (AMA))<(l + |A|)VI RcA l, 

for all A G a*(P,R), then the function £*tp G M.{a*Q c , Hq(Y), d', V) satisfies 
the estimate 

8fa,R>,d>(y)£Mv)) < C(l + \v\) n+k e bM e b ^ v \ 
for all v G a* Q(i {Q,R'). 

Proof: It suffices to prove this for the case that supp£ consists of a single 
point A G Y. Let Ho be the collection of H G H containing Ao + &qqc- Then for 
every H G Ho there is a unique indivisible root an G £q n S(P) such that iJ = 
A + (ajj)c- We define the affine function Ijj: a* c — > C by Z#(A) = (A — Ao , a*? ). 
Then P = /^(O). We define the polynomial function go : Qq C ^ C by 
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From the definition of the space of Laurent functionals in M.(*a*Q c , Sg)* aur 
supported at Ao, see JD it follows that there exists a u G S^Oq ) such that 
on a function / G (<Zo|*a;, c ) _1 £\> the action of the Laurent functional is given 
by Cf = u{qo\* a * /)(A ). It follows that for ip G M{a^ c ,H,d,V) and z/ G 

aQ qc \UH Q (F), ^ 

C*<p(v) = £(</?( ■+!/)) = u((j ( •)</?(• + I/ ))(^o) = «(»)¥») (Ao + ^)- 

As in the proof of |11| . Lemma 1.2, we infer that there exist a polynomial 
function n G n Sr (Q)(ag q ) and finitely many qj G P(ag q ) and Uj G S^a*), all 
independent of V, s, b and <p, such that 

7r(z/)w(g ^)(Ao + ^) = /J gj (^)«f {irp,R,d(p) (Ap + 1/), (11.1) 

j 

for z/ G ciQ q (Q, -R')- Multiplying both sides of (|11.1|) with a suitable polynomial 
function we see that we may as well assume that n = ^o^Q,R' ,d' , for some 
tto G n Sr ( Q) (aQ q ). We obtain 

ir (i/)ip(v) =y^qj(v)uj(TTp !Rtd ip)(Xo + v), (11.2) 

i 

where we have written ip — kq^r'A'C-*^- 

Let k be the maximum of the degrees of the polynomials q.j. Then there 
exists a constant D > 0, independent of V, s, b and <p, such that for every j, 

\q j (u)\<D(l + \v\) k , Kay. (11.3) 
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Put m — max I)£ y Re 77I and fix 8 > such that m + 28 < M. We may select 
constants R' + > R' and P_ < R such that Y + a* Qq (Q,R' + ) C a*(P,P_). 
Adapting P^_ if necessary, we may in addition assume that 

see the text preceding the proposition. 

Let now n6N and b > 0, and assume that <p satisfies the hypotheses of the 
proposition. It follows from Lemma 111. II applied with P in place of Q, that 
there exist constants Cj > 0, independent of V, s, b and ip, such that 

s(ui(7rp,H,«ip)(A)) < 0,(1 + |A|)"e M e b l RoA l, (11.5) 

for A S a*(P,P_). 

Using the estimate 1 + |Ao + v\ < (1 + |Ao|)(l + \v\) and combining (|11.2|) . 
I|11.3[) and (|11.5|) . we obtain 

siMWH) <C'(l + W\r+ k e b5 e b ^^ +m \ (v£a* Qq (Q,R' + )), 

with 

C = D(£ / C J )(l + \\ \) n . 

j 
From pi.4|l we see that the function -0 is holomorphic on Olq (Q, R' + ). We may 
therefore apply Lemma Tl 1 . 1 1 with ip, ttq, C and [C'e b5+bm ]~ 1 s in place of f,p,u 
and s, and with R' + , R' in place of R, R- , respectively. Using that m + 28 < M, 
we obtain the desired estimate, with C > a constant that is independent of 
V, s, b and <p. D 

In the rest of the section we shall apply the above results to Eisenstein 
integrals. We start with a suitable estimate for Eisenstein integrals associated 
with minimal er-parabolic subgroups. 

Lemma 11.5 Let P e P™ ln . Then there exists a P -bounded real S- configuration 
7i in a* c and a map d: Ji — > N such that the function A >— > E°(P : A) belongs to 
the space A4(a* c , W, d, C°°(X) ® Hom(°C, U T )). 

iei figl anrf let p € Ils(o*) 6e a polynomial such that the function A i— ► 
p(\)E°(P : A) is holomorphic on a neighborhood ofa*(P,R). Then there exists 
a constant r > and for every u G U(q) constants n € N and C > swc/i that 

\\p{X)E°{P: X:u;x)\\ < C (I + \\\) n e (r+ \ Rc x ^ x \ (11.6) 

for all A € Sq(P, R) and x £ X. (See \10.1\l for the definition of the function 
lx-) 

Proof: First assume that r = t$, defined as in |Jj|, text after Eqn. (28), with i? C 
K a finite subset. Then for x d A q the estimate l|11.6ll follows from 5 j7 Corollary 
16.2 and Proposition 10.3, combined with the fact that E°(P: A) = E 1 ^: A), 
see P|, Eqn. (52). In view of the decomposition X = K A q (eH), the estimate 
now follows for general igXby sphericality of the Eisenstein integral. Finally, 
for general r the estimate follows by application of the 'functorial' dependence 
of the Eisenstein integral on r, see [§J, Eqn. (32). □ 
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We can now prove the following analogous result for the generalized Eisen- 
stein integral. 

Proposition 11.6 Let F C A. v G F W and let t G WT(S) be a W -invariant 
even residue weight. 

There exists a Pp -bounded, real Y> r (F)-hyperplane configuration Tip in a F c 
and a map dp: Tip — > N such that v i— ► E° F (y) belongs to the space 

M(a* Qqc , H F , dp, C°°(X) CS> Hom(i; ( , V T )). 

Moreover, if R' G K and if p is any polynomial in H- Sr t F \(a F ) such that v \- > 
p(y)E° F v (y) is holomorphic on a neighborhood of a* F (Pp, R'), then there exist 
a constant r > and for every u G U(g) constants n G N and C > 0, such that 

\\p{v)E F ^v: u;x)\\ < C(l + M) n e (r+|Re,/|)ix(x) , (11.7) 

/or a// f G 0^_(Pf, P') and x G X. 

Remark 11.7 This result is a sharpening of the estimate given in ^2]> Lemma 
10.8. 

Proof: According to Lemma|^7|(b,c), the generalized Eisenstein integral may 
be expressed as 

E o pJv:x)iJj = £4E o (P : • : x) oi F)1> ](i/), (11.8) 

with £ G M(a* F c , Sj?)* aur ® °Cf.u a Laurent functional whose support is con- 
tained in a finite subset Y C *iQ q - Let H,d be associated with P = p) as 
in Lemma [11.51 Let Hf'- = TCf(Y) and dp:— d! be associated with the data 
P = Pq, Q = Pf, T~t, d, C as in Lemma fl 1.21 then Tip is a real Pp-boundcd 
£ r (P)-configuration, by Lemma 111. 31 The first assertion of the proposition 
follows by application of Lemma 111.21 

Fix R G M such that a FQ (P F ,R') + Y c a*(P , R-) for some P_ < R. Let r 
be the constant of Lemma II 1 .51 applied with Pq, R and np^ # ^ in place of P, P 
and p, respectively. Fix u G U(q). Then according to Lemma fl 1 .51 there exist 
constants iioGH and Co > 0, such that for all x G X, 

lkpo,fl >d (A)£ (P : A: u;aOoi F ,„|| < C (l + \X\)^e^ + ^ x ^ ( - l '\ 

for all A G a*(Po,P). Let x G X. We apply Proposition 111.41 to the function 
<p = <p x from M(a qc , H, d, Hom(°CF,„, V T )), given by 

ip x = P°(P : • : w;x)oi F) „, 

with the constant 6 = Zx(x) and the seminorm s = C ~ 1 e _r6 || • ||. Let M > 
max^ e y | Re 77 1 . Then we obtain the estimate 

lkp^^»£*(^)H|| < Ci(l + | I/ |)no+* e (r+|IUH+i>OIx(«) ) 
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for v 6 a F (P F , R'), with constants k £ N and Ci > that are independent of 
x, v. We now note that 

C*(tfx) = C*(E°(P : ■ : u;x)oi FyV )(v) 
= £*{E°{P : ')oi FtV )(v){u;x) 

as a meromorphic identity in v 6 QQ qc - The second of the above identities 
involves the interchange of u and C* , which is allowed by the continuity of £* , 
see Lemma Til. 21 The third identity is obtained by application of 111.8f) . Thus, 
we obtain, for all x G X and all v € a F (P F ,R'), the estimate 

hp F , R ; dF iy)E F , v {y- u\x)\\ < d(l + |^| r+ /c e (, + |Re,| + M) ix (,)_ 

This proves the result for the particular polynomial p — Ttp F R , dp . For p equal 
to a multiple of -Kp F R i dp the result now also follows, since any polynomial 
from Pd(a* F ), d s N, can be estimated from above by a function of the form 

c(i + M) d - 

Let p now be an arbitrary element of H-£ r ( F )(a F ) satisfying the hypothesis. 
Fix R' + > R'. Then an estimate of type l|11.7|l holds on a* F (P F ,R' + ) with 
pnp F R i dp in place of p. By application of Lemma ll 1.11 this implies an estimate 
of the form 1)11. 7|) , with the required dependences of the constants. □ 



12 Symmetric pairs of residue type 

By L\(X) we denote the discrete part of L 2 (X), i.e., the closed span in L 2 (X) 
of all the irreducible closed subspaces of L 2 (X). Accordingly we define 

L 2 d (X: r): = {L 2 d (X) ® V T ) D L 2 (X: r). 

For the following definition we recall from SectionjSlthat the data (G, H, K, r, a q , S + ) 
together with a PF-invariant even residue weight t £ WT(E) determine the con- 
tinuous linear operator T^: C^°(X : r) — > C°°(X : t). If G has a compact center 
modulo H, then this operator is given by the formula l|8.9|l . 

Definition 12.1 The reductive symmetric pair (G, H) is said to be of residue 
type if the following conditions are fulfilled. 

(a) The group G has a compact center modulo H. 

(b) For any choice of the data (K, a q ), the following requirement is fulfilled. 
For every finite dimensional unitary representation r of K, every choice 
S + of positive roots for S and every VF-invariant even residue weight 
t E WT(S), the operator T^: G C °°(X: r) -> G°°(X: r) is the restriction of 
the orthogonal projection L 2 (X: r) —* id(X: r). 
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Remark 12.2 The above definition is given for technical reasons. Together 
with Definition ll3.il where the notion of residue type for a parabolic subgroup 
from V a will be introduced, it plays a role in a long chain of reasoning that will 
be used in an induction step in the proof of Theorem 12 1.21 (The induction goes 
by induction on the cr-split rank of G) As part of the mentioned theorem it is 
asserted that in fact every pair (G, H) with G having compact center modulo 
H and every group from V a is of residue type. 

In the course of the chain of reasoning, many results will first be proved under 
the assumption that an involved parabolic subgroup from V a or an involved 
reductive symmetric pair (G, H) is of residue type. Such results will be marked 
with (RT) after their declaration. The additional hypotheses will be clearly 
stated at the beginning of their proofs. Within the chain of reasoning, until 
Theorem 121.21 the results marked (RT) will only be used if these additional 
hypotheses are assumed to be fulfilled. The mentioned theorem implies that 
the additional hypotheses are in fact always fulfilled so that in the end the 
results marked (RT) are valid as stated. 

Within the chain of reasoning, it also happens that definitions need extra 
hypotheses concerning residue type in order to be valid. These definitions will be 
marked (RT) as well. The extra hypotheses are stated in a subsequent remark. 
Within the chain of reasoning such definitions will only be used if the extra 
hypotheses are assumed to be fulfilled. In the end Theorem 12 1 . 21 implies that 
the extra hypotheses are always fulfilled, so that the definitions marked (RT) 
are valid as stated. 

Remark 12.3 If a q = {0}, then X is compact and the operator Ta is under- 
stood to be the identity operator of G^?°(X: r). Thus, conditions (a) and (b) of 
the definition are fulfilled and in this case (G, H) is of residue type. 

Remark 12.4 It follows from Lemma f8 . 1 Ul that the notion of residue type is 
stable under isomorphisms of reductive symmetric pairs. 

Remark 12.5 Condition (b) of the definition is valid as soon as a particular 
choice of the data (K, a q ) satisfies the mentioned requirement. Indeed, assume 
that (K, a q ) satisfies the requirement and let y K c G be a second cr-invariant 
maximal compact subgroup, g = y £ © x p the associated Cartan decomposition, 
and y a q C q fVp an associated maximal abelian subspace. Then there exists a 
(unique) g £ exp(f)np) such that gKg^ 1 = X K, see [3S], p. 153. Now Ad(g)a q is 
maximal abelian in v p n q, hence there exists an element k £ y K e n H e such that 
Ad(fcg)a q = v a q . Let <p: G — ► G be conjugation by kg, then tp maps the data 
(G,H,K,a q ) onto (G,H, y K, x Oq). In view of Lemma 18.101 it follows that the 
requirement in (b) for the pair (K, a q ) is equivalent to the similar requirement 
for the pair QK, x a q ). 

We recall from (5J, § 17, that the Schwartz space C(X: r) is defined to be 
the space of functions / £ G°°(X : r) such that, for every u £ U(q) and n £ N, 

SuAJY = sup(l + kreOrrlw/Or)!! < oo; (12.1) 
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see also the beginning of § EH The Schwartz space is equipped with the Frechet 
topology determined by the seminorms s u>n . By |2j, Lemma 7.2, the operators 
from D(X) act on C(X: r) by continuous linear endomorphisms. We define 
.42 (X : r) to be the space of D(X)-finite functions in C(X : r). 

Lemma 12.6 (RT) Let G have compact center modulo H. Then, for every 
W -invariant even residue weight t G WT(S), 

A t (X: T ) = L 2 d {X: t)=A 2 {X:t). (12.2) 

In particular, the space A2 (X : r) is finite dimensional. 

Remark 12.7 The fact that L 2 d (X: t) is finite dimensional is also an immedi- 
ate consequence of the classification of the discrete series in 0U| ■ I n the present 
paper it would not have been advantageous to use this known fact. Only the 
spectral properties of the discrete series as formulated in Theorem 116.11 arc 
needed. The mentioned finite dimensionality naturally follows from the finite 
dimensionality of A (X: t), by the nature of our argument. 

Proof: We give the proof under the assumption that (G, H) is of residue type, 
see Remark ll2~2l It follows from Definition HO fb) that T^(C~(X : r)) is dense 
in L\(X: r). By Lemma IO it follows that A t (X: r) is dense in L^(X: t). By 
finite dimensionality of the first of these spaces, the first equality in l|12.2fl 
follows. In particular, it follows that the space L\(X: t) consists of smooth 
D(X)-finite functions; by |3], Thm. 7.3 with p = 2 it is therefore contained 
in .4 2 (X: t). Conversely, if / e -4 2 (X: r), then / is X-finite and D(X)-finite. 
Hence, by a well known result of Harish- Chandra its (q, K)-spa.n in C(X, V T ) 
is a (g, if)-module of finite length; see gT|, P- 312, Thm. 12 and g21, P- H2, 
Thm. 4.2.1. The closure of this span in L 2 (X) ® V T is therefore a finite direct 
sum of irreducible representations. The mentioned closure contains /; hence, 

feLl(x-.T). □ 

Assume that G has compact center modulo H and that t € WT(S) is a W- 
invariant even residue weight. We recall that a choice of Hilbert structure on the 
space A f (X : r) uniquely determines an endomorphism a = a 1 G End(A t (X : r)) 
such that ((HOI) holds. 

Lemma 12.8 (RT) Assume that G has compact center modulo H and let t G 
WT(S) be a W -invariant even residue weight. 

(a) Assume that the space A t (X: r) is equipped with the restriction of the in- 
ner product from L 2 (X) <£> V T , see \12.°^i . Then the endomorphism a, de- 
termined by flO.S}) . equals \VV\~ 1 times the identity operator of A t (X: t). 

(b) The kernel K\ is independent of the residue weight t. 

Proof: We give the proof under the assumption that (G, H) is of residue type, 
see Remark 112.21 It follows from (|12.2|) that the real analytic r ® 1-spherical 
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function e on X attains its values in Hom(i^(X: t),V t ) ~ V T <S> L^(X: T )*- 
Hence, e*: y i— * e(y)* is a real analytic 1 <g) r*-spherical function on X, with 
values in Hom(Vv, L^(X : r)). 

We define the continuous linear operator P: C^°(X : r) — > Lj^X : r) by 



p/ = / <y)*f(y) dy. 

Jx 



Then one readily verifies that (Pf\ip) = (f\ip) for every ip G ^d(X- r). It 
follows that P equals the restriction to C^°(X: r) of the orthogonal projection 
L 2 (X: t) -> L|(X: r). Hence, P = T f A . Combining this with (JH3J) we obtain 
that, for all x G X and all / € C C °°(X : r), 

\W\ [ Ki(x:y)f(y)dy = Tl/(z) = e(x)(P/) 

e(x)oe(y)*/(y) %■ 



A 



Since e(x) oe( • )* and K l A (x : ■ ) are smooth and r* ® 1-spherical functions on X, 
with values in End(V^), it follows from the above identities that |W|i^^(a; : y) — 
e(x) oe(y)* for all x,y S X. This implies (|1U.3|) with a equal to |W / | _1 / L 2( X:r ). 
Hence, (a) holds. Assertion (b) is now immediate. □ 



13 The normalized Eisenstein integral 

In this section we shall define the normalized Eisenstein integral, initially for the 
class of parabolic subgroups introduced in the following definition, see Remark 

nu 

Definition 13.1 A parabolic subgroup P G V a is said to be of residue type 
(relative to H) if for every v £ iV"x(a q ) the pair (Mp, MpCwHv -1 ) is of residue 
type. A subset F C A is said to be of residue type if the associated standard 
er-parabolic subgroup Pp is of residue type. 

Remark 13.2 In view of Remark ll2.4l it suffices to require the above condition 
for v in a choice of representatives P W C -/V#-(a q ) of Wp\W/WKnH- 

Remark 13.3 We write °G for Mq, the Langlands M-component of G viewed 
as a parabolic subgroup. Thus, °G equals the intersection of the kernels ker |x|, 
for x- G — > C* a character. By the previous remark, G (viewed as an element 
from Va) is of residue type relative to H if and only if the pair (°G, °G fl H) is 
of residue type. If G has compact center modulo H, then the pair (°G, °G P\ H) 
is of residue type if and only if (G, H ) is. 

Definition 13.4 Two parabolic subgroups P,Q G V a are said to be associated 
if their cr-split components op q and <XQ q are conjugate under W. The equivalence 
relation of associatedness is denoted by ~ . 
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Lemma 13.5 Assume that P 6 V a is of residue type. Then every Q G V a 
with Q ~ P has the same property. 

Proof: If Q ~ P, there exists a k G -/Vx(o q ) such that dQ q = Ad(fc)ap q . From 
this it follows that Mq = kMpk' 1 . If v G iV^dq), then Mq n vHv^ 1 equals 
fc(Mp n wHuj- 1 )^ 1 , with w = A; _1 v G N K (a q ). The pair (M P , M P n wHw~ l ) 
is of residue type, and by Remark 1 12. 41 we conclude that (Mq, Mq n vHv^ 1 ) is 
of residue type as well. □ 

Let P e P„. We equip the space Xp^, for v G P W, with the invariant 
measure dxp. v specified at the end of Section The space .4.2 (Xp,,, : Tp) is 
equipped with the inner product from L 2 (Xp ] „, V T ), for i> G P W. Moreover, the 
space A2,p = ^2P p w i s defined to be the formal direct sum 

A 2 , P := -4 2 (Xp„ :r P ), (13.1) 

v£ F W 

equipped with the direct sum inner product. The space A2.P is finite dimen- 
sional by Lemma 112.61 Application of this lemma requires P to be of residue 
type, see Remark fl 2. 21 

We agree to denote by pr P ^:^2,p — > A(Xp, t : Tp) the natural projection 
operator, for v G P W, and by ip,„ the associated natural embedding operator. 

In the following we shall use the characterization of the generalized Eisenstein 
integral by its asymptotic behavior, see Theorem 19.31 to define an Eisenstein 
integral for arbitrary parabolic subgroups. 

Proposition 13.6 (RT) 

(a) Let PeP ff . For every tp G A 2 ,p there exists a unique family E°{P : tp) G 
£ p yp (X: r) with the following property. For all v in a non-empty open 
subset of ap c , each v G P W, every X G ap q and every m G Xp„ i+ , 

q v - pp {P,v \E?(P:il>:v),X,m) = &,(m). 

(b) Let FcA. Then, for every W -invariant even residue weight t G WT(£), 
the space Ap equals A 2 ,f'- — A 2 , p F ; here we assume that in the definition 
of both spaces the same set F W has been used. Moreover, for every tp G 
A 2 ,F , 

E°(P F : ip:v:x) =E° F {v: x)ip, 
for all x G X and generic v G ap qc - 

Proof: Here we prove (a) under the assumption that P is of residue type and 
(b) under the assumption that F is of residue type, see Remark ll2.2l 

Uniqueness follows from Theorem 16.111 Thus, it suffices to establish ex- 
istence. We will first do this for P of residue type and equal to a standard 
parabolic subgroup Pf, with FcA. Let t G WT(E) be any VF-invariant even 
residue weight. Let *t be the induced residue weight of Ep. Then it follows from 
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Lemma 112.61 applied to the pair (M F ,M F DvHv 1 ), that A *(X P v : t f ) — 
A 2 (X F . V : t f ). Moreover, if -0 G A 2 (X F>V : t f ), then E°(P F : ip): = E F ( ■ )ip sat- 
isfies the desired property, by Theorem [ 



Now assume that P is general and of residue type, let W C iVir(a q ) be a 
choice of representatives for Wp\W/WKnH and let ip G A 2 ,p- There exists a 
u G -/Vf<-(a q ) such that u~ x Pu = P F , with F C A. Moreover, Pp is of residue 
type, by Lemma f 13. 51 The set F W — u~ l ( p W) is a choice of representatives 
for Wp\W/Wkdh in -^Vff( a q)- For u G P W, let p TjU be the linear isomorphism 
from C°°(X F ^-i Vy+ : t f ) onto C°°(Xp !t ,, + : r P ), defined as in Q3|, Eqn. (3.24). 
We define the function ip' G .42, f by ip' u -i v = Ptu^vi for w G P W. Define the 
meromorphic family /: a Pc — * C°°(X : r) by 

f v {x)=E°(P F : tf-.u^v.x), 

for a; G X and generic v G Clp qc . By Theorem 19.31 and Lemma f6. 121 the family 

/ belongs to £ P yp (X: r). Moreover, it follows from |2|, Lemma 3.6, that, for 
d£ p W and v in a dense open subset of a Pqc , 

q,s-p P (P,V | /„) = [Ad(u -1 )* ®p„](|, l -i„-p F (i 3 F,M _1 U | /„) 

This establishes the result with E°(P : ip) = /. D 

From the uniqueness assertion in Proposition 113.61 it follows that the mero- 
morphic function E°(P: ip): a Pc — > C°°(X: r) depends linearly on ^. 

Definition 13.7 (RT) Let P G TV For ^ G A 2 ,p, let £°(P: V) denote the 
unique family in £ p yp (X: r) of Proposition IHTol (a) . 

The meromorphic C°°(X, Hom(i 2 ,p, ^ T ))-valued function P°(P : ■ ) = E°(X: P: • ) 
on op c , defined by 

P°(P: i/: x)^ = E°(P: ip:v:x), 

for ^ G A 2 ,p, x G X and generic z/ G Cln qc , is called the normalized Eisenstein 
integral associated with the parabolic subgroup P (and the choice P W). 

The meromorphic C°° (X, Hom(V r r , „4 2 .p))-valued function E*(P: • ) on a P 
defined by 

E*(P: v: x) = E°(P: -v : x)* , 

for ip G ^2,p, i£X, and generic f G o Pqc , is called the dual Eisenstein integral 
associated with P. 

Remark 13.8 The above definition requires the validity of Proposition 113.61 
which inside the chain of reasoning leading up to Theorem 121.21 requires P to 
be of residue type, see Remark ll2.2l 
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Remark 13.9 In the case of the group, the normalized Eisenstein integral 
defined above is essentially equal to the one defined by Harish- Chandra |29|. 
§6, Thm. 6. This is seen as follows. Let ^G be a real reductive group of 
Harish-Chandra's class, let G = V G x V G, let a: G — > G be the involution 
given by Qx, K y) i— > Qy^x) an d let H = G a be the diagonal subgroup. Then 
Qx, V) >-> MV) -1 induces a G-diffeomorphism $: G/H -> *G. Let *fl = x t © ^p 
be a Cartan decomposition, *# the associated involution and put 9 = ^8 x v #. 
Then 9 is a Cartan involution commuting with a. Let v if and K = S K x K K be 
the associated maximal compact subgroups of V G and G, respectively, and let 
(t, V t ) be a finite dimensional unitary representation of K. Let n, t% be the uni- 
tary representations of ^K in U T defined by T\Qk) — r( v fc, 1) and r 2 ( v fc) = (l, v fc). 
Let V denote the pair of commuting representations (ti,T2). Then pull-back 
by $ induces a linear isomorphism <I>* from the space C°°QG: V) of smooth 
V-spherical functions on V G, onto C°°(G/H : r). 

Let av p be maximal abelian in ^p, then o q : = {(X, —X) \ X G a* p } is maximal 
abelian in p n q. Let ^P C ( G be a parabolic subgroup containing A\ p . Then 
P: = ^Px^P belongs to V a . Moreover, the map (X, Y) h- > X—Y is surjective from 
ap = a-~p x a-.p onto a>p and induces a linear isomorphism from op q = dp PI a q 
onto o»p, mapping Op onto a,~p. The complexified adjoint map ip* is the linear 
isomorphism from a* Pc onto ap qc given by V i— > (V, —V). 

We observe that M P = AL P xAL P , so that X P = AL P x AL P /HC\M P , which 
is Afp-diffcomorphic to M^p under the map <&p induced by restricting $. It is 
readily seen that $p restricts to a linear bijcction from the finite dimensional 
space L 2 d {APp : Vm\ p ) onto L|(Xp : tp) = Ai^p. Let ip G ^(Xp : rp) and con- 
sider the family /: o* c x G -> K defined by /„ = $*E°QP: $p _ V : P* -1 i>A)> 
where the normalized Eisenstein integral is Harish-Chandra's. By holomorphy 
of Harish-Chandra's unnormalized Eisenstein integral combined with meromor- 
phy and the product structure of Harish-Chandra's G-function Gvpivp(l: V), 
it follows that the family f v G G°° (X : r) satisfies condition (a) of Definition 
16.11 Via the subrepresentation theorem of |2J, combined with induction by 
stages, Harish-Chandra's Eisenstein integral can be realized by matrix coeffi- 
cients of the minimal principal series of V G. Using this information it can be 
deduced that / satisfies the remaining conditions (b) , (c) of Definition 16.11 In 
fact, it is now readily checked that / belongs to the space G p yp (X: r), de- 
fined in Definition 16.61 Moreover, from the information on the constant term 
of Harish-Chandra's Eisenstein integral, see |2Sj, §5, Thm. 5, it follows that 
Qu- PP (P, 1 I fuiX.m) = ip(m), in the notation of Proposition 113.61 for generic 
v G tap . By meromorphy it now follows that the family / satisfies the condition 
of ProDOsition ll3.6l fa) (note that we may take P W = {1} here). Hence, 

$*E°CP: $p"V: V*~ X vji) = E°(P: v)i>. 

Remark 13.10 At the end of the sequel to this paper, ^3], we will show that 
the normalized Eisenstein integral introduced above coincides (up to a change 
from v to — v) with the one introduced by J. Carmona and P. Dclorme in |19|. 

Remark 13.11 If G has compact center modulo H, then Ac q — {0} and 
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■A-2,G — A%{G/H: t). In view of Lemma fl 2 .61 it follows from Remark 19.41 that 
E°(G: 0: x) equals the evaluation map ev x :A.2(K'- r) — » V T , ip i— > tp(x). Ac- 
cordingly, E*{G: 0: x) = ev^ e Hom^A^X: r)). 

The following result describes the dependence of the normalized Eisenstein 
integral on a member P of a class in V a /W, as well as on the choice of P W. 

Lemma 13.12 (RT) Let P E V a , let s E W, and let Q: = sPs' 1 . Let P W and 
^W be choices of representatives in Njc(aq), for Wp\W/Wkdh and Wq\W/Wkdh, 
respectively. Then there exists a unique linear map Rp(s): Ai^p — > Ai,q such 
that 

E°{Q: sv: x)oR P (s) = E°(P: v. x), (13.2) 

for x E X and generic v E ap QC - The map Rp(s) is bijective and unitary. 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark ll2.2l Left multiplication by s induces a bijective map Wp\W/WKnH —> 
W Q \W/W KnH . Via the natural bijections P W -> W P \W/W K nH and «W -> 
WqXW/WkciH we transfer the induced map to a bijection s: P W — > ®W. 
Let ip E Ai.p and define the meromorphic family /: Oq „ — ► C°°(X : r) by 

f x (x) = E°(P:s- 1 \:x)iP, (13.3) 

for x E X and generic A E a* Qqc . Then / E £q YP (X: r), by Lemma EH Select 
v E P W. We may select a representative u s in Nk (ciq) of a Weyl group element 
from sWp such that u s v = s(v)w s for some w s E iVirnij(ciq)- Note that Xq iUs1 , = 
Xq ; j(«)- Hence, we may define the bijective linear map 

Pt,u s - A2(Xp iV : t p ) — > ^(Xg^ft,) : tq) 

as in |14j . Eqn. (3.24). This map is unitary in view of the choice of invariant 
measures on Xp ]t) and Xg^, specified at the end of Section [5] 
It follows from ^3], Lemmas 3.7 and 3.6, that 

qx- PQ (Q,s(v) \ fx) = q\- PQ {Q,u s v\ f x ) 

= [kd{u- l Y ® Pt,uMs-i\- Pp (P,v I h) 

= Pr.u.lpv, (!3-4) 

for generic A E dg qc . Hence, by Definition 113.71 

fx(x) = E°(Q: \:xW, (13.5) 

with ip' S ( v ) — Pr,u s ipv for v E P W. We define the bijective linear map Rp(s): A 2 ,p — * 
A 2 ,q by 

{Rp(s)ip)s( v ) = pT,u.ipv (13.6) 

Then ip' = Rp(s)ip and (|13.2|) follows from (|13.3I) and !|13.5[> by substituting si/ 
for A. From the definition it follows that Rp(s) is unitary. 
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To establish uniqueness, let Rp(s): A 2 ,p — » ^2,Q be a linear map. Let ip G 
■A-2.P, define / as above, and define the meromorphic family g: a%, c — > C°°(X : r) 
by' 5A = £°(Q: A: -)R P (s)4,. Then 

q\-p Q {Q-,s(v) I g A ) = (Rp(s)ip)s( v )- (13.7) 

Now assume that ((13.2(1 holds. Then g — f; combining ({13.4(1 and 1(13. 7(1 we 
obtain fHH)jl . D 

Let P G "Pa-- Then for all i,jgX, the meromorphic End(K r )-valued function 

on a p qc s iven b y 

v^E°{P:v:x)E*(P:v:y) (13.8) 

depends a priori on the choice of the set P W. 

Corollary 13.13 (RT) Let P G V a . Then for every x,y G X i/ie function 
\13.tty is independent of the particular choice of P W. 

Proof: Here we assume that P is of residue type, see Remark ll2.2l The result 
then follows from application of Lemma fl 3. 121 with s = 1. □ 

Proposition 13.14 (RT) Let P 6 P a . There exists a P -bounded, real E r (P)- 
hyperplane configuration TL — Tip in a Pc and a map d = dp:TL — ► N such that 
v i— ► E°(P : v) belongs to the space 

M(a Pq€ , H, d, C°°(X) ® Eom(A 2 , P ,V T )). 

Moreover, if R G R and i/p is any polynomial in ns r (p)(op ) smc/i f/iat ^ i— ► 
p{v)E°(P : v) is holomorphic on a neighborhood ap (P, P), then there exist a 
constant r > and for every u G U(q) constants n G N and C > 0, suc/i t/iaf 

||p(i/)£°(P: i/: u;x)|| < C(l + | I/ |)n e (r+|H*.,|)Jx(*) ) (13.9) 

/or a/? ^ G ap q (P, P) and x G X. 

Proof: Here we prove the result for P of residue type, see Remark J12.2I 

We first assume that P = Pp with P C A of residue type. In this case, 
E°(P: v) = E F {v), by Proposition ^03 Hence, the result follows from Propo- 
sition ^20 by summation over F W, see (19.14(1 and 1(9. 2|) . 

Next, let P G V a be a general parabolic subgroup of residue type. There 
exists & s £ W such that sPs^ 1 = Pf, by Lemma f3. 61 (c). Since P is of residue 
type, Pf is of residue type as well, see Lemma 113.51 By Lemma 113.121 and 
Proposition 113.61 there exists a unitary map Rp(s): A 2 ,p — > Af, 2 such that 

E°(P F : sv: x) o R P (s) =E°{P: v. x) 

for all x and generic v G ap qc . The result now follows by application of the first 
part of the proof. □ 
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The following result limits the exponents of the normalized Eisenstein inte- 
gral along a minimal parabolic subgroup. To formulate it we need the following 
notation. Let QgP, and let P G P™ in be such that P cQ.We put 

Aq(P) := {a G A(P) | a| 0Q<1 = 0}; 

VF P|Q := {*GW|t(Ao(P))cE(P)}. 

Let s G W be the unique clement such that P — sPos -1 . Then s~ 1 Qs contains 
Pq hence equals Pf for some subset F C A; note that F is uniquely determined 
by Q in view of Lemma 13.61 We define 

A(P\Q):=sA(F), 

where A(P) is the finite subset of — M.+F introduced in (|8.7J) . We note that 
A(P|Q) is a finite subset of -R+A Q (P). 

Proposition 13.15 (RT) Let Q £ V a and let P G P™ in 6e contained in Q. 
Let ip G ^2,Q a^rf 9 G ^j: r (Q)( a Q„)- Then f: (y, x) i— ► q(v)E°(Q : v : x)ip defines 
a family in £q P (K: t). Moreover, for each v G iV^(a q ) and every v G reg/, 

Exp (P, « | /„) c V^ P|Q (^ + A(P|Q)) - p P - NA(P). (13.10) 

In particular, /„ G yl tcmp (X: r), /or every ^ G *iQ q Hreg/. 

Remark 13.16 For P minimal, the assertion about temperedness is due to 
0, Thm. 19.2, in view of [Jj|, Eqn. (52). For general P the assertion about 
temperedness is due to [35], Thm. 1, in view of Remark 1 13. 101 

Proof: We give the proof under the assumption that Q is of residue type, 
see Remark 112.21 Let s G W and F C A be as in the text preceding the 
corollary. Let the polynomial function p: a F c — > C be defined by p{v) = q(sv). 
Then p G n Sr .(i?)(a^ ). It follows from Lemma 113.121 with Pp in place of P 
that f(y,x) = g(s~ 1 v,x), for x G X and generic v G ttg qc , where (?:(A,a;) i— > 
p{\)E° F {\ : x)R Pf (s)- V- By Theorem IT0~5l the family 5 belongs to £ f yp (X : r). 
By Lemma [6.121 it follows that / G £ Q yp (X: r). Moreover, let r/ G reg/; then 
s _1 zy G regg and by the last mentioned theorem it follows that, for every u G 
A^K), 

Exp (P , u | f v ) = Exp (P , u | 8 -i„) 

C VF F (s- 1 ^ + A(P))- / 9-NA. 

On the other hand, by ^2], Lemma 3.6, it follows that, for v G Afff(a q ), 

Exp (P, « | /„) = sExp (P , s-\ \ /„), 

where s is any representative of s in A^(a q ). We conclude that 

Exp(P,w | /„) c sW F s _1 (i/ + sA(P)) - p P - NA(P). 

Now sA(P) = A(P|Q) by definition. Moreover, one readily verifies that sW F s~ 1 - 
W P \Q, Hence, (|L3. 10B follows. The final assertion follows from the similar as- 
sertion for g, which in turn follows by application of Corollary 1 10. 61 □ 
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In the theory of the constant term, we shall need the following result on the 
coefficients of the asymptotic expansions of the Eisenstein integral. 

Lemma 13.17 (RT) Let P E V a and let ip E Ai,p. The family f: (v,x) i-* 
E°{P: v ". x)ip belongs to £ p y y(K: r), for a suitable finite subset Y C *ap q - 
Moreover, the £ r (P)- configuration Tif, defined as in the text before Definition 
\b\<A is real. 

Let k — deg a f. Then for every Q E V&, V E Nxiciq), each a E W/~q|p and 
all(E-<7-Y + NA r (Q), 

q*AQ,v I /) e Pk(a Qq ) ®M(a* Ptlc ,Hf,df,C°°(X Q , v : TQ )). (13.11) 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark 112.21 In view of Lemma 13.61 (a) , there exist s E W and F C A such 
that P = sPps -1 . In view of Lemma H 3 . 1 21 with P and Pp in place of Q and P, 
respectively, we may as well assume that P = Pf for some F C A. In this case 
we have E°(P : v) = E° F (v) by Proposition ll3.6l Hence, the result follows from 
Lemma El □ 

Lemma 13.18 (RT) Let F C A and let t E WT(£) be a W -invariant even 
residue weight. Then, for all x, y € X, 

K F ^-x:y)^\W F \- 1 E {P F : v : x) o E* (P F : v. y), (13.12) 

as an identity of End(V^ r ) -valued meromorphic functions in the variable v E 

a Fqc- 

In particular, the function K F does not depend on the residue weight t, nor 
on the choice of F W. 

Proof: We give the proof under the assumption that F is of residue type, see 
Remark ll2.2l From Proposition ll3.(jl fb) we recall that Ap = A%,f. Accordingly, 
we equip the space Ap with the inner product described in the text preceding 
l|13.1fl . As in the text preceding (|10.4|) . this choice of inner product determines 
an endomorphism ap tV E End(.4 t (X.p tV : Tp)), for each v E F W. The endomor- 
phism otF,v is the analogue for the space X^„ of the endomorphism a, described 
in (JTU2I). Th us, a F , v = \Wf\~ 1 !, by Lemma IT2~gl Let a F 6 End(^) be the 
direct sum of the a F ,v, for v E F W. Then from (|10.4|) we obtain that 

K F {v: x:y) = \W F \~ l E? F {y: x)E F {-v: y)*, 

for all x, y E X and generic v E a F c . Now use Definition 1 1 3 . 71 and Proposition 
113.61 to conclude the validity of l|13.12f> . It is now obvious that K F does not 
depend on t; it follows by application of Corollarv ll3.13l that it does not depend 
on F W either. □ 

Remark 13.19 In view of Lemma [13.181 we agree to omit t in the notation 
i\ F . 
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Definition 13.20 (RT) Let P E Per- We define the meromorphic function 
K P : a Pqc -> C*°°(X x X, End(K)) by 

if P (i/: x: y) = |Wp| -1 S°(P: v. x)E*{P: v. y), 

for x, y E X and generic 1/ G ap c . 

In the chain of reasoning leading up to Theorem l21.2l this definition requires 
P to be of residue type, since only then the Eisenstein integral is well-defined, 
see Remark ll 2. 21 

Remark 13.21 If P = Pp, for F C A, then Kp = Kp, in view of Lemma 

ima 

Lemma 13.22 (RT) Let P eP a . Then, for every sEW and all x, y E X, 

K P (y : x : y) = K sPs -i {sv.x: y) 

as a meromorphic identity in v E a Pqc - 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark 112.21 Put Q — sPs^ 1 . Since the inner product cB, specified in Sec- 
tion [5] is W^-invariant, the normalized measures d[ip and d/iQ are s-conjugate. 
Moreover, since Wq = sWps -1 , we have \Wq\ — \Wp\. The result now follows 
from combining Definition 113. 2UI and Lemma fl '6. 121 □ 

Theorem 13.23 (RT) Let P, Q E V a be associated parabolic subgroups. Then 
for every s E W(aQ q | dp q ), and all x,y E X, 

Kq{sv: x:y) = K P {v: x:y), (13.13) 

as an identity of End(V T ) -valued meromorphic functions of the variable v E 
a Pqc . 

Proof: We give the proof under the assumption that P and Q are of residue 
type, see Remark 112.21 Since P and Q are associated, dim aQ q = dimop q ; 
hence, s is a linear bijection from ap q onto aQ q . From Corollary 13.51 it follows 
that there exists w EW such that w(ap q ) — <XQ q and w\ apci = s. 

Assume first that P = Pp and Q = P F >, with P, F' C A. Then the result 
follows from ^2]i Lemma 6.2, since K F = Kp F and K F , = Kp pl , for any 
W^-invariant even residue weight t, see Remarks ll3.19l and ll3.2ll 

Next assume that P and Q are arbitrary. Then the result follows by using 
Lemma fc.til fa'l and Lemma ll3.22l □ 



02 



14 Eigenvalues for the Eisenstein integral 

In this section we investigate the action of D(X) on the normalized Eisenstein 
integral. 

Let P G V a . We define the algebra homomorphism //p:D(X) — ► D(Xip) as 
in 0, text following (20). Here X X p: = Xip e = Myp/Mip H H. Let b C q be 
a 0-stable Cartan subspace containing ap q and let yt, be the associated Harish- 
Chandra isomorphism from D(X) onto 1(b). Let Wp(b) denote the centralizer of 
op q in W(b), and Ip(b) the ring of Wp(b)-invariants in S(b). Moreover, let "f b 1F 
denote the associated Harish-Chandra isomorphism D(Xip) — > Ip(b). Then we 
recall from |5], Eqn. (21), that 

7^ 1P °MP=7b- (14-1) 

If v G iVK-(Oq), then following |2|, text above Lemma 4.12, we define the algebra 
homomorphism fi p :Bi(G/vHv~ 1 ) — > D(Xip.„) as/xp for the triple (G,i>Pv _1 , P) 
instead of (G, H , P). Moreover, we define the algebra homomorphism /zp„: D(X) - 
HJ(Xip.„) by 

Hp, v =fj, v P oAd{v), (14.2) 

where Ad(v) denotes the isomorphism B(X) — > V)(G/vHv~ 1 ) induced by the 
adjoint action by v. Since Ap q is central in M\p, it follows from (|2.3() that 

D(Xip„) ~ 0(Xp,„) ® S(a Pq ). (14.3) 

Accordingly, if D G B(X), we shall write fip iV (D : •) for /ip„(P), viewed as 
a B(X Pt ,)-valued polynomial function on a Pqc . If D G B(X), ^ G a Pqc , and 
w G P VV, then /ip ]t) (-D : i/) G B(Xp„) acts on the space A(Xp^ : rp) (see the 
text preceding Lemma ri2.6ll by an endomorphism that we denote by fj, (D : v). 

The direct sum of these endomorphisms, for v G P W, is an endomorphism of 
the space A2,p, denoted n (D : v). 

Lemma 14.1 (RT) Let P G V a . Then 

DE°{P: v)=E°{P: v) p p (D : i/), (D G B(X)). 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark IT2~2l Let ip G A<2,p- Then the family /: a* Pqc x X — ► V T , defined by 



f(y,x)=E°(P:v:x)il), 
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belongs to £ P yp (X : r), by Proposition HT^l Let D G D(X). The family Df: {v, 
Df v (x) belongs to £ p yp (X: r) as well, by Definition 16.61 and [Tl] . Lemma 9.8. 
Moreover, by ^3], Lemma 6.2, there exists a dense open subset tt of a Pqc such 
that, for v G fi, the element v — pp is a leading exponent of /„ along (P,v). 
Hence, by |14|. Lemma 4.12, it follows that, for v G fi, A G dp q and m G Xp )V) +, 

q u - pp (P,v | Df){X,v,m) = |Up,„(D)^(explm), 
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where the function ip u : Xip jt ,. + — > V T is defined by 

<p v {rna) = a u q u - pp {P,v | /„, log a, z/,m), (14-4) 

for a G Ap q and m G Xp it)) +. By Proposition 113. tal the expression on the right- 
hand side of i|14.4fl equals a"ip v (m), and we see that 

q„- PP (P,v | Df){X,v,m)=n P , v (D: i/)^(m), (14.5) 

for ^ in a dense open subset of a* P „, m £ Xp jt , i+ and X G ap q . 

On the other hand, v \—. ► fi (D : v)tp is a polynomial „42,p-valued function 
on op c . It readily follows that the family 

g: (v, x)^ E°{P:v: x) ^ p {D : v)ip 
belongs to £ P yp (X: r). Moreover, by Proposition ll3.6l it follows that 

<1v-pp{P, v I 9)(X,u,m) =hp <v (D: z/)^„(m), (14.6) 

for each v G P W, v in a dense open subset of ctp c , all X G ap q and all m G 
Xp,„, + . It follows from ((1*131) and ((HITI) that the family Df - g G £ P yp (X : r) 
satisfies all hypotheses of Theorem 16. Ill Therefore, D/ = g. D 

In the rest of this section we shall study the eigenvalues of the endomorphism 
\i (D : v) of -42, p- For a start, we collect some facts about the action of D(X) 
on^ 2 (X: r). 

Let L d (X) be the discrete part of L 2 (X), defined as in the beginning of 
Section[j"21 It follows from [5], Thm. 1.5, that the space L 2 d {X) admits a decom- 
position as an orthogonal direct sum of closed G-invariant subspaces on each 
of which D(X) acts by scalars (in the distribution sense). Let b be a 0-stable 
Cartan subspace of q. We denote by L(X, b) the collection of infinitesimal char- 
acters A G b* for which the associated character j(- : A) = 7f,(- : A) of B(X) 
occurs as a simultaneous eigenvalue in the decomposition mentioned. 

The elements of the B(X)-module ^(X: t) are B(X)-finite and belong to 
L d (X) <S)V T . It follows that -4 2 (X : r) splits as an algebraic direct sum of B(X)- 
submodules on which the action of B(X) is by infinitesimal characters from 
L(X, b). More precisely, for A G b* we put 

A 2 (X : t : A): = {/ G A 2 (X : r) | Df = 7 (D : A)/, VD G B(X)}. 

This space is finite dimensional by [2], Lemma 3.9. It depends on A through 
its class [A] in b*/W(b); we therefore also denote it with [A] in place of A. Let 
L(b, r) = L(X, b, t) denote the collection of A G b* for which .4 2 (X : r : A) ^ 0. 
Then L(b,r) is a M / (b)-invariant subset of L(X, b) and we have the following 
algebraic direct sum decomposition into joint eigenspaces for B(X), 

A 2 (X:t)= ^ 2 (X:r:A). (14.7) 

Aeh{b,T)/W(b) 
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The summands in this decomposition are finite dimensional and mutually or- 
thogonal with respect to the inner product from L 2 (X: r). Moreover, the de- 
composition is finite by Lemma |12. 61 In the chain of reasoning leading up to 
Theorem 121.21 finiteness of the decomposition requires (G, H) to be of residue 
type, see Remark fl 2 .21 

Lemma 14.2 Let bi, &2 C q be two 6-stable Cartan subspaces. Each element s 
fromW(b2 | bi), which set is non-emvtv by Lemma \3.i\ maps L(bi,r) bijectively 
onto L(b2, t). 

Proof: This follows by application of Lemma \'S. 81 □ 

Lemma 14.3 Let FeP„ and v £ N K (a q ). Then ap D Ad(v)q = ap q . 
Proof: apnAd(w)q = Ad(w)(a.„-ip 1 ,nq) = Ad(w)(a tI -ip t ,no q ) = 0pHa q = ap q . 

a 

Let now b be a Cartan subspace of q containing a q and let v £ JV^fOq). Then 
b r : = Ad(u)b is a Cartan subspace of Ad(u)q, which contains a q . In particular, 
b" contains ap q , hence is contained in the latter's centralizer mip. We write 
*b P y.= b v nm P . Then 

b v = *bp, v ®a Pq . 

In view of Lemma 114.31 this is the analogue of the decomposition l|2.6(l for the 
Cartan subspace b v related to symmetric pair (mip,mipnAd(v)fj). The restric- 
tion of Ad(i>) to b determines an element of Hom(b, b v ) that we denote by v. 
The restriction v\ Uc is an element of W. The latter set equals W(<Xq | a q ), by 
Corollary 13. 51 hence, by Lemma l3~7l applied with b, a q , a q in place of 0, bi, b2, 
there exists an element s £ W(b) such that s — v on a q . It readily follows that 
v o s _1 £ Hom(b, b v ) equals the identity on ap q , hence maps *bp isomorphically 
onto *bp tV . Note that this map maps VF(*bp)-orbits onto W(*bp tV )-OTbits. The 
induced map from *b* Pc /W(*bp) to (*bp jt ,)|!!/W(*bj>) is bijective and depends 
on v, but is independent of the particular choice of s. Given A £ *b Pc , we define 

A(X P ,„ : t p : A): = A 2 (X P>V : t p : vos^A). (14.8) 

Moreover, wc define Lp iV (b,r) to be the set of A £ *b Pr for which the above 
space is non-trivial. Then 

uog^L^^r) =L(X Pj „,*bp,„,rp). (14.9) 

Thus, Lp 1 ,(b,r) is a W(*bp)-invariant subset of *b Pc . 

Corollary 14.4 (RT) Let P £ V a an d let b C q be a 6-stable Cartan subspace 
containing a q . Then 

A,p= ip,vA 2 {Xp, v :t p : A), (14.10) 

ve p W AeLp,„(6,r)/W(*bp) 
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with a finite orthogonal direct sum of finite dimensional spaces. If D £ 1D>(X) 
and v G a* P c , i/ien for every v G P W and A G Lp„(b,r), 

l£p v (D: v) =7b(D: A + i/)I ok i Pit ,A(X P ^ : t p : A). 

Proof: We give the proof under the assumption that P is of residue type, 
see Remark 1 12. 21 By <|13.1ll the space A 2 ,p is the orthogonal direct sum of the 
spaces A2(Xp yV : Tp), as v G P W. Fix v G P W. By the assumption on P, the pair 
(Mp, Mp (~l vPv^ 1 ) is of residue type, hence A 2 iXp tV : Tp) is finite dimensional 
and by (|14.7(l it is the orthogonal direct sum of the spaces ^(Xp,, '■ Tp : A'), 
with A' <E h(Xp iV ,*bp >v ,Tp)/W(*bp >v ). It now follows from (fT4"%|) and lfT4~§j) 
that A 2 (Xp yV : Tp) is the orthogonal direct sum of the spaces ^(Xp,, : Tp: A), 
for A G Lp„(b, T)/W(*bp); moreover, the sum is finite and the summands are 
finite dimensional. This establishes (|14.1U|> . with the asserted properties. 

Let A e Lp-.fb. t). Thenbv ((T43|) . A': = vs~ l A belongs to L(X PtV ,*bp tV ,T P ). 
Let now ip G A 2 (X PtV : r P : A). Then, writing D v = Ad{v)D for D e D(X), 



x P , 



= 7^ p ;(Mp(^:^):A')^ 



In the last equation we have used that 7 6 - u 1P '" = 7»(, P '" ® P in accordance with 
(JUS. Combining (fl4"T|) for the triple (G/vHy- 1 , b v , P) in place of (G/H, b, P) 
with (|14.2(l . we obtain that 



tip. 



7b (D 
Jb(D 



Ad(z;)- 1 (A' +v))ip 
s oAd(u)- 1 (A' + v))ip 
A + is)i[>. 
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We define Lp(b, t) C *b* Pc to be the union of the sets Lp. 1 ,(b, r), for v G P W. 
Moreover, for A in this union, we put 

_4 2 ,p(A): = ip^Xp,, : r P : A). 

v£ F W 

Corollary 14.5 (RT) Let PeP„. Then 

A 2 ,p = A 2 , P (A). 

AEL P (b,T)/W(*bp) 

Moreover, if A G Lp(b,r) and ip G ^2,p(A), then, for every D G B(X), 

DE° (P : i/)^ = 7[, (I? : A + ^)P° (P : i/)^, 
as a meromorphic C^iX: r)-valued identity in v G op c . 
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Proof: We give the proof under the assumption that P is of residue type, see 
Remark 112.21 The result follows from Corollary 114.41 combined with Lemma 
IT4~T1 □ 

We end this section with a description of the action of D(X) on the dualized 
Eisenstein integral. For D £ D(X) we define the formal adjoint D* £ D(X) by 

(Df\g) = {f\D*g), (14.11) 

for all f,g £ C£°(X); here (■ | ■) denotes the inner product from L 2 (X). The 
canonical anti-automorphism X i— > X v of U(g) induces an anti-automorphism of 
U{q) h /U{q) h C\U(q)\) ~ ©(X), which we also denote by D ^ D v . If D £ ©(X), 
let D be its complex conjugate, i.e. the differential operator with complex 
conjugate coefficients. Then D* = D v , for every D £ D(X). 

We recall from [3j, Lemma 7.2, that D restricts to a continuous linear en- 
domorphism of C(X); by density of C C °°(X) in C(X) it follows that (|14.11j) also 
holds for all /,.geC(X). 

Lemma 14.6 Let P £ V a , v £ Afa(a q ) and D £ ©(X). Then 

Hp, v (D*)=vp jV (D)*. (14.12) 

Proof: We note that /ip i6 = /.ip; hence, for v = e, the result follows by the 
same argument as in |S], proof of Lemma 19.3. For general v the result follows 
by application of (|14.2|l . □ 

Lemma 14.7 (RT) Let P £ V a . Then, for every D £ D(X) and all v £ a* Pqc , 

j±p {D:vy= !±p {D*:-v). (14.13) 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark 112.21 Let v £ P W. The decomposition Xip ]V ~ Xp.„ x Ap q induces 
an isomorphism D(Xip )t) ) ~ D(Xp,„) <S> S(ap q ). Accordingly (u ® p)* =u* ®p* , 
for all u £ D(Xp^) and p £ 5(0p q ). Moreover, p*(y) — p(—v), for v £ o Pqc . 
Hence, (u®p)*(v) = p(-D)u* = [u®p(-v)\* and we see that u*{v) — u(—v)* for 
u £ D(Xip it) ) and v £ a Pqc . Applying this to (|14.12[> it follows that for D £ D(X) 
and v £ a pQC we have /ip iV (D: v)* = /j,p jV (D* : —v). By the argument in the 
text preceding Lemma ll4.6l applied to Xp. l( in place of X, we infer that 

(p PyV (D: v)f\g) = (f\/j,p tV (D* : -v)g), 

for all f,g £ C(Kp tV : Tp). Here (• | •) denotes the L 2 -inner product. In par- 
ticular, the equation holds for /, g in the subspace ^(X: Tp), which is finite 
dimensional, since P is of residue type. Hence, u (D : u)* — p (D* : —v). 
By orthogonality of the direct sum decomposition in l|13.1fl . the result follows 
by summation over v £ P W. □ 
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Lemma 14.8 (RT) Let P £ V a . Then for every D £ D(X), 
DE*{P:u)= j±p {D' / :v)E*{P:v), 

as a meromorphic identity in v £ ap qc . 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark ll2.2l By linearity, we may assume that D is real. It then follows from 
the definition of the dual Eisenstein integral, see Definition ll3.7l combined with 
Lemma Tl4. II that 

DE*(P: v) =Mp(-°: -v)*E*(P: v). 

The lemma now follows by application of Lemma 1 14. 71 in view of the fact that 
D* = D v . □ 



15 Uniform tempered estimates 

In this section we present straightforward generalizations of results of [5], Sect. 
18, to a setting involving families {/„} of eigenfunctions on X, with holomorphic 
dependence on a parameter v £ aj, c , where Q G V a . A similar generalization 
has been given in [22j, Sect. 9. The generalized results allow us to sharpen 
uniformly moderate estimates of type l|13.9f) to uniform tempered estimates. In 
particular, we obtain estimates of the latter type for the normalized Eisenstein 
integral. 

We fix Q £ Va, a ^-stable Cartan subspace b of q containing a q and an 
element A £ *bg c , cf. (|2.6|) . For e > 0, we put 

OOq(e):= {A £ c^ qc |ReA| < e}. 

The closure of this set is denoted by Oq (e). 

Definition 15.1 Let s > 0. We define £(Q : A : e) = £(X : Q : A : e) to be the 
space of smooth functions /: an q (e) xX^C satisfying the following conditions. 

(a) The function / is holomorphic in its first variable. 

(b) For every v £ a% (e), the function f v :x >-* f(v, x) satisfies the following 
system of differential equations 

Df v =~f{D:k + v)f v , (DeB(X)). 

Note that in this definition it is not required that / is if-finite, or spherical, 
from the left. We also have the following analogue of the space A4(A, e) defined 
in 0, Sect. 18. 
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Definition 15.2 Let s > 0. A function / 6 £(Q: A: e) is called uniformly 
moderate of exponential rate r > if for every u £ U(g) there exist constants 
ueH and C > such that 

\\L u Mx)\\<C(l + \v\) n e rl *W, 

for all i/ £ clqq( £ ) an( i x S X. The space of all such functions is denoted by 
£ um (Q: A: e: r). 

Lemma 15.3 (RT) Let Q £ V a and let e > 0. There exists a polynomial 
function p £ n Si .(Q) R (ag ) such that the C°°(X)£g)Hom(„42,Q, V T )-valued mero- 
morphic function v i— > p(v)E°(Q : v) is regular on a*Q (e) and suc/i £/ia£ i/ie 
following holds. There exists a constant r > swc/i that for every A £ Lg(b, r), 
V- 1 £ -A2,q(A) and r\ £ V*, the family f: [v, x) i— » r/(p(v)E°(Q : v : x)) belongs to 
£ um {Q-. A: e: r). 

Proof: We give the proof under the assumption that Q is of residue type, see 
Remark H221 Let R > be such that a Qq (e) C a* Qq (Q,R). Then by Propo- 
sition E^H] there exists a polynomial function p £ ^■'e t (Q)(0-q q ) such that the 
C°°(X) (g)Hom(^42,Q, V r r )-valued meromorphic function F: v t-+ p(v)E°(Q : v) is 
holomorphic on a neighborhood of Sq „(Q, R). Moreover, there exists r' > and 
for every « e (7(g) constants n £ N and C > such that 

for x £ X, j/ G flQ q (0i R)- Put r = r' + e. Then it follows that F is holomorphic 
on a neighborhood of aQ q (e) and satisfies the estimates 

\\L u F„(x)\\<C(l + \v\) n e rl ^ (15.1) 

for x £ X and f G an (e). Let / be defined as in the lemma. Then L u f u (x) = 
r](L u F u (x)ip). Hence, it follows from the above and from Corollarv ll4.5l that / £ 
£(Q : A : e). Finally, it follows from the estimates l|15.1(l that / £ £ um (Q : A : e : r). 

□ 

We also have the following obvious generalization of the notion of uniformly 
tempered families; see 0, Sect. 18. For v £ ag qc and x £ X we put 

|(i/ ja O|:=(l + M)(l + J x (aO). 

Definition 15.4 Let e > 0. A function / £ £(Q : A : e) is called uniformly 
tempered of scale s if for every u £ U(q) there exist constants n £ N and C > 
such that 

\L u fu{x)\ < C\(v,x)\ n Q(x)e s ^ c ^ {x \ 

for all v £ Oq (e) and all x £ X. The space of all such functions is denoted by 
T{Q: A:e:s). 
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If / G E nm (Q : A : e : r), then for every v G ag qc the function f v belongs to 
the space £^ +1 ^^(X), defined in jSj, p. 392, see also p. 387. If g is any function in 
the latter space, then, viewed as a function on G, it has an asymptotic expansion 
along every parabolic subgroup P G V a of the form 

g(xexptX)~ J2 pdP\9,x,X)e^ x \ 

£eZ-NA r (P) 

as t — * oo, for x G G and X G Op q . Here Z is a finite subset of a* P c and there 
exists a d G N such that the P{(P | 5) are smooth functions G — » P;(ap q ), for all 
£. Moreover, the functions p^(P | g) are uniquely determined, see IS], Theorem 
12.8. Accordingly, we may define the set of exponents of g along the parabolic 
subgroup P by 

Exp(P| 5 ):={£GZ-NA r (P)| ps(P\g)^0}. (15.2) 

We define the partial ordering <p on a* P by 

A r<P ju <!=> /1 - A g A r (P), (A, /j G ap qc ). 

The ^p-maximal elements in the set (J15.2JI are called the leading exponents of 
g along P. The set of these leading exponents is denoted by Expl(P | g). 

Remark 15.5 The above notions of asymptotic coefficients and exponents are 
related to the similar notions introduced in § El as follows. 

Let / G .4(X : r) and assume that every vector component 7/ o /, for r\ G V* , 
belongs to £%\ v *(X). For P G Per, let Exp (/ | P) denote the union of the sets 
Exp (7/ o / J P) , for r\ G V* ; by sphericality of / this union equals the union with 
index r\ ranging over any generating subset of the K- module V*. If u G Nxiaq), 
then it readily follows from the definitions that Exp(P, u | /) C Exp (P | /). 
Moreover, by uniqueness of asymptotics we have, for £ G Exp (P, u \ f), that 

r)(q^(P,u I f,X,m)) = p ? (P | rjof,mu,X), (to G M P , X G a Pq ), 

for all r] G 7 T *. 

Lemma 15.6 Let ^ G ag qc aTirf assume that g G £a%,*( x )- iei -P e P"" n - 
TTien /or every £ G Exp^(P | g) i/iere exists a s G jy(b) swc/i i/iat £ + pp = 

s(^ + A)| aq . 

Proof: We recall that a q C b. Let £ + (b) be a choice of positive roots for £(b) 
that is compatible with S(P). Let g+ be the associated sum of the positive root 
spaces and let m+ be its intersection with m c . Let 5: = ^tr [ad( • )L+] G b* and 
let S : = |tr [ad( • )| m +] G ib*. Then 5 = S a + p P . 

Let £ be a leading exponent along P. Then by pj], Cor. 13.3 and Lemma 
13.1, the function <^ G C°°(Mi) defined by 

(p(ma) = a^ p^(P \ g, to, log a), (to G M ct , a G ^4 q ), 
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is right M a n iJ-invariant and satisfies the following system of differential equa- 
tions 

n' P {D)ip = ~f{D:k + v)ip, (DeD(X)). 

Here p! P is defined as in 0, Sect. 2. Now M a /M a C\H ~ M w /M w nH, naturally, 
so that <p may be viewed as a function in C°°(X 10 ). By (|14.3|) with P = P and 
v = e we have D(X 10 ) ~ B(X ) ® <5(a q ). Since p^ is polynomial in loga, the 
second component of the tensor product acts on (p with a single generalized 
eigenvalue u i— ► u(£). On the other hand, we recall from |S], Lemma 4.8, that 
the action of D(Xo) on C°°(Xo)a' allows a simultaneous diagonalization with 
eigenvalues of the form D i— ► j x °(D : A + So), with A € ib£. ft follows that 
there exists a Ao E ib£ such that 

7 Xo (/ip(.D : : Ao + <5o) = 7 (^ : A + i/), (£> E D(X)). 

The expression on the left-hand side of this expression can be rewritten as 
7p(.D : A + £ + S + p P ) = j(D : A + ^ + S), from which we conclude that 
A + S, + S E W(b)(A + v). Since (A + S)\ ac[ = p P , it follows that £ + p P = 
s(v + A)| 0q , for some s e W(b). D 

We can now generalize [S], Theorem f8.3. For an appropriate formulation 
we need the following definition. 

Definition 15.7 We say that the exponents of a family / £ £ um (Q : A : e : r) 
are tempered along a minimal er-parabolic subgroup P E "P™ 111 if for every 
v E a*q (e) the set of exponents Exp (P \ f v ) satisfies the following condition. 
For every £ E Exp (P | /„), there exists a s E W(b) such that 

(a) Re(sA) < on a+(P), 

(b) £e s (^ + A)| aq -pp-NA(P). 

We denote by £^ m (Q : A: s : r) the space of functions / E £ um (Q : A: e: r), 
such that for every P <E P™ m the exponents of / along P are tempered. 

Remark 15.8 If Q is a minimal c-parabolic subgroup, then it follows by 
application of 5 , Thm. 13.7, that £ nm (Q : A : e : r) = £% m (Q ; A: s: r). 

Theorem 15.9 Let Q E V a and let r > 0. Then there exists a s > such that 
for sufficiently small e > 0, 

£% m (Q: A:e:r) C T(Q : A:e: s). 

Proof: The proof is a straightforward, but somewhat tedious, adaptation of 
the proof of 5 , Theorem 18.3, with trivial alterations because of the change 
of the parameter set. Conditions (a) and (b) of Definition 115.71 are to be used 
in place of [S], Theorem 13.7, see the proof of [S], Proposition 18.14, to keep 
track of the exponents occurring in the asymptotic expansions considered. If Q 
is minimal, then the mentioned Theorem 13.7 implies conditions (a) and (b) for 
any family / E £ um (Q : A : e : r); see Remark H5~8l □ 
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Remark 15.10 Another version of Theorem 115.91 is given by [22], Thm. 3. 
However, in that paper the requirement on the exponents in Definition 115.71 is 
replaced by the requirement that the function /„ is tempered for every v G ia*. 
By an additional argument it is then shown that this requirement is equivalent 
to the one of Definition 1 15. 71 see [221, Lemma 23. We shall not need this result, 
since by Proposition 113.151 the needed information on the exponents is known 
for the normalized Eisenstein integrals to which Theorem 115.91 will be applied. 

Definition 15.11 Let Q G V a , A € *b* Qc , e > and s > 0. Then by 
T(Q, r, A, e, s) we denote the space of smooth functions /:fln q (£) x X — > V T 
such that 

(a) for every n G V* the family 77 o /: (y,x) i-» r](f(y,x)) belongs to T(Q, A, s, s); 

(b) /„ is r-spherical for every v G Oq (e). 

Theorem 15.12 (RT) Let Q G V a . There exists a polynomial function p G 
n£ r (Q),R( a Qq) and constants s > and e > such that the meromorphic 
C°°(X) <S> Hom(„42,Q, V T )-valued function v 1— » p(v)E°{Q : v) is holomorphic on 
<Xq (s), and such that the following holds. For each A G Lg(b,r) and every 
ip £ -^2.q(A) the family f: (v,x) 1— > p(v)E°(Q : v : x)ip belongs to T(Q, r, A, e, s). 

Remark 15.13 For Q minimal, this result is due 5 , Thm. 19.2, in view of 
j2], Eqn. (52). For general Q, a similar result for an unnormalized version of 
the Eisenstein integral is due to [22], Thm. 4. 

Proof: We give the proof under the assumption that Q is of residue type, see 
Remark Tl 2 .21 Fix e > 0. There exist p G Rj: r (Q) ! M.( a Q q ) an d r > as in Lemma 
HOI Fix A G L Q (b,r) and ip G A 2 ,q(A). Define /: (v, x) ^p{v)E°{Q: v. x)i>. 
Let r\ G V* and define F: (v,x) >-* r){f(v,x)). Then by finite dimensionality of 
Ai,q and V T it suffices to show that there exist s' > and s > such that 
FeT(Q: Are 7 : s). 

In view of Theorem 115.91 it suffices to show that F G £^ m (Q : A : e : r). In 
view of Lemma lT5~3l the function F belongs to £ um (Q : A : e : r). Let P G P™ in . 
Then it remains to be verified that the exponents of F along P are tempered in 
the sense of Definition 115.71 

There exists a v G A^(a q ) such that Pi:= v~ 1 Pv C Q. The meromor- 
phic C°°(X: r)-valued function ^ h^ f v is regular on Oq (e). Moreover, from 
Proposition 113. 15l and 14 , Lemma 3.6, it follows that, for v G reg/, 

Exp (P, e I /„) = vExp (Pi, w" 1 I /,) C vW F ^ Q {v + A{Pi\Q)) - p P - NA(P). 

Thus, let uq G QQ q (e) be fixed, and let £ G Exp (P | F Va ). Then we may select 
s G vW Pl \ Q and £ e -sA(Pi |Q)+ NA(P) such that ^ = si/ - p P - Co- Since 
/ G £q(X: r), see Definition 113.71 it follows from Definitions 16.61 IB~4l and l6~3l 
that / G CQ P y yp (X + : r), for a suitable finite subset Y C *OQ qc - By Definition 
16. II and |14|. Lemma 6.2, it follows that sv — pp — <^o G Exp (P, e | /,/), for v in 
an open dense subset of Og qc . 

72 



Let £1 be a ^p-minimal element in — sA(Pi\Q) + NA(P) with the property 
that £1 r^p Co and that sv — Ci — pp G Exp (P, e \ f„) for v in an open dense 
subset of dg . Then for ^ in an open dense subset Q of Oq c , the element 
si/ — Ci — pp is a leading exponent of /^ along (P, e). By Lemma ll5.6l it follows 
that 

sv - Ci - pp e W(b)(f + A)| 0q - pp, 

for ^ G fi. This implies in turn that there exists t G W(b) such that sv — £j = 
£(z/ + A)|„ q , for all 1/ G dg qc . Hence, s^ = £i/|„ q for all 1/ G ag qc and — £1 = £A| aq . 
Now -a GsA(Pi|Q)-NA(P) C-s(R+A Q (Pi))-NA(P) C -K+A(P), hence 
Re (iA)| 0q = — Ci < on a q (P). We complete the proof by observing that 

C = sv -pp - & = si/ - 6 - Pp - (Co - Ci) e t(v + A) la, - Pp - NA(P). 
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16 Infinitesimal characters of the discrete series 

In this section we describe a restriction on the set L(X, b) of B(X)-characters 
of the discrete series, see the text before (|14.7f) . The main result is due to T. 
Oshima and T. Matsuki, |30|. 

Let b C q be a 0-stable Cartan subalgebra. If A G b* then by Ia we denote 
the kernel of 7f, ( • : A) in D(X). We denote by C(X : A) the space of L 2 -Schwartz 
functions on X annihilated by I\. If C(X: A) is non-trivial, then it contains a 
non-trivial K-fmite function /. By a well known result of Harish-Chandra, the 
closed G-span of / in L 2 (X) is a subrepresentation of finite length; see |41| . 
p. 312, Thm. 12 and g2|, p. 112, Thm. 4.2.1. Therefore, the mentioned closed 
G-span is contained in L d (K) and we deduce that A G L(X, b). Conversely, if 
A G L(X, b), then there exists a non-trivial i^-finite function / G L^(X.) that is 
annihilated by I\. From {3], Thm. 7.3, it follows that / belongs to C(X: A) and 
we see that the latter space is non-trivial. We conclude that 

L(X,b) = {AGb* |C(X: A)^0}. (16.1) 

Theorem 16.1 Assume that the space L~,(X.) is non-trivial. Then there exists 
a compact Cartan subspace t C q. Moreover, each A G L(X,t) belongs to it* and 
is regular with respect to £(t). 

Remark 16.2 This result, which plays a crucial role in the description of the 
constant term of the normalized Eisenstein integral in Section IT7I is essentially 
due to T. Oshima and M. Matsuki, 0U|. However, we have to be a bit care- 
ful here, since in our situation G is assumed to be of Harish-Chandra's class, 
whereas in 0U| it is assumed that G is semisimple. 

Proof: Fix a Cartan subspace b C q that is fundamental, i.e., its compact part 
bk = b n Ms of maximal dimension. Then the assumption that L d (X) is non- 
trivial is equivalent to the assumption that L(X, b) is non-empty. We must show 
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that under this assumption b is compact, and all elements of L(X, b) belong to 
ib* and are regular. 

Let X° = G e /G e nH be the connected component of the origin in X. If A G b* 
then restriction defines a linear map r: C(X : A) — > C(X° : A). Conversely, exten- 
sion by zero defines a linear embedding j: C(X° : A) — > C(X : A). Now r o j = I, 
hence r is surjective. If the space C(X: A) is non-trivial, then by G-invariance 
it follows that r is non-zero, hence its image is non-trivial. On the other hand, 
if C(X° : A) is non-trivial, then C(X: A) is non-trivial, by injectivity of j. Thus, 
from (|16.1|l we see that L(X, b) = L(X°, b). Therefore, we may as well assume 
that G is connected. 

Let OA q be the intersection in o q of the root spaces kera, a G S. This space 
is central in a. Hence, aAq C b and the group AA q - — exp aA q is central in G. 

The algebra ?7(oAq) naturally embeds into D(X) and into /(b); accordingly, 
7 restricts to the identity on C/(oAq)- Let A £ L(X, b) and let / be a non-trivial 
function in C(X: A). Then it follows that R x f = A(X)f for all X £ aAq- Let 
Ao: = A | aAq- Then it follows that f(ax) = a A ° f(x) for all £ € X and a G A& q - 
Since / is a non-trivial Schwartz function, this implies that aAq = 0. 

Let c be the center of g. Then it follows that c q : = cflq is contained in bflt. Let 
0i : = [flifl]- Then b = c q 0bi, with bi = bflfli. Accordingly, 1(b) = C/(c q )®i"(bi). 

Let Gi be the analytic subgroup of G with Lie algebra g! and let Hi = 
G\ n H. The embeddings t q Cg and gi C Q induce embeddings U(c q ) C D(X) 
and D(Gi/i?i) C D(X), via which we identify. Accordingly, D(X) = U(c q ) (g> 
D(Gi/7?i); moreover, the map 7:B(X) — * /(b) corresponds with the tensor 
product of Ijj(cq) an d 7i, the Harish-Chandra isomorphism for (G\,H\, bi). 

If AeL(X, b),let A c : = A| Cq and Ai: = A| 6l . Then U(c q ) ~ 5(c q ) acts by the 
character A c on the non-trivial space C(X: A). This character must therefore 
be an infinitesimal character of the compact group exp(c q ), hence belongs to 
ic* On the other hand, D(Gi/i?i) acts by the character 71 ( • : Ai) on C(X : A). 
Restriction to G\jH\ therefore induces a map C(X: A) — > C{G\/H\,h\), which 
is non-zero by G-invariance and non-triviality of the space C(X: A). Hence, 
Ai G L(Gi/H 1 , bi). If bi is contained in t, then so is b and if A]^ £ ib\ then 
A = A c + Ai G ib*; finally, if Ai is regular, then so is A. Therefore, we may as 
well assume that g is semisimple from the start. 

Let Z(G) denote the center of G and put Zh'= Z(G) fl H. Since Zh is 
discrete and central, V G: = G/Zh is a Lie group with algebra naturally iso- 
morphic with g. The involution a factors to an involution V of S G. Moreover, 
y H:= H/Zh, viewed as a subgroup of V G, is an open subgroup of v G ff . The 
associated symmetric space N X: = ^G/^H is naturally diffeornorphic with X and 
it is readily seen that L(X, b) = L( V X, b). Therefore, it suffices to prove the 
assertions for V X and we see that we may as well assume from the start that 
Z H = {e}. 

From now on we assume that G is connected and semisimple, and that 
Zh = {e}. The natural map n: G/H e — > G/H is a finite covering, hence induces 
a linear embedding ir*:C(G/H) — > C(G/H e ) by pull-back. Via the isomorphism 
(JH5JI we may identify the algebras B(G/H) and ®(G/H e ), so that ir*(Df) = 
Dir*/, for / G C(G/H). Thus, if A G L(X,b), then the image of C(G/H: A) 
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in C(G/H e ) is a non-trivial subspace annihilated by the ideal I a, from which 
we see that A e L(G/H e , b). It follows that we may as well assume that H is 
connected. We will do so from now on. 

Let g d be the dual real form of g c defined as in Section^ Via ad we identify 
C with the Lie algebra of the complex adjoint group G c of G; accordingly, 
we denote by G d ,K d and H d the analytic subgroups of G c with Lie algebras 
2 d ,i d and f) d , respectively. Via Ad we may identify K n H with a connected 
subgroup of G c . Accordingly, the map (k,X) \- > fcexpV is a diffeomorphism 
from (KnH) xi[tC\q] onto H d . Hence, for every finite dimensional representation 
(tt, V) of K there exists a unique finite dimensional representation {-K d , V) of H d 
such that the infinitesimal representations associated with tt and ir d have the 
same complex linear extension to t c . It follows that Flensted- Jensen's dualization 
procedure, see |25|. Thm. 2.3, defines an injective linear map / i— ► f d (denoted 
/ h^ _/"'' in [21]) from the space C°°{G/H)k of iVfinite smooth functions on 
G/H into the space C°°(G d /K d ) Hd of infinite smooth functions on G d /K d . 
The map is determined by the property that, for every / £ C°°(G/H)k and all 

J^uJlAq = J-'uJ \A cl - 

We note that the left iJ d -types of f d are all of the form 7r d , with tt a finite dimen- 
sional irreducible representation of K. We also note that for / £ C°°(G/H)k, 
the condition / £ L 2 (G/H) can be entirely rephrased in terms of the function 
f d ; in fact it is equivalent to the condition that L u f d \A £ L 2 (A q , J da), for all 
u £ U(£), with J the Jacobian associated with the decomposition G = KA q H, 
see PU, (3.1). 

Let I? h^ D d denote the natural algebra isomorphism from O(X) onto B(X d ), 
corresponding to J22J. Then (Df) d = D d f d , for every / <= C°°(G/H) K . More- 
over, we recall from the text after (|2.5|) that D d = 7 a d _1 ojt,(D), where we have 
written o^ for the maximal abelian subspace d b = b c (~1 Q d of p d . Now assume 
that A G L(X, b). Then there exists a non-trivial iVfinite function / £ C(X : A). 
It follows that f d £ C°°(G d /K d ) H d satisfies the system of differential equations 
Df d = 7a« (D : A)f d , for D £ B(G d /K d ). 

It follows from the above discussion, that the theorem of 00]) P- 359, as 
well as its proof, can be entirely formulated in terms of the function f d , and 
therefore applies without change, see [IUIj P- 388, note (i) added in proof. In 
particular, we may draw the following conclusions. In the notation of the cited 
theorem, we may take a„ as above, and we may select a positive system E(a„) + 
for E(g d ,Op) such that Re A is dominant. The hypothesis of part (i) of the 
cited theorem is fulfilled, since the non-trivial function / belongs to the space 
Ak{G/H,M\) n L 2 (G/H), with A = A. It follows that b is compact, i.e., is 
contained in 6 n q. In the cited theorem we may now take t = b and a'„ = ib. 
Thus, ai = a' p , and it follows from part (i) of the cited theorem that A is regular. 

We note that W(a'„ | af) = W(a^), so that the elements Xj — Ad(xj)\ a d 
of the cited theorem belong to W(cip). It follows from part (iii) of the cited 
theorem that, for some j, the element XjA = A J belongs to a„*. This implies 
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that AeaJ* = ib*. □ 

Corollary 16.3 Let b G q be a 8-stable Cartan subspace. If L(X, b) ^ 
then there exists a Cartan subspace t C q wit/i t C t. Moreover, let t be an 
element of the set W(t | b), which is non-empty by Lemma \3.8l Then, for every 
A G L(X, b), the element th belongs to it* and is regular relative to the root 
system £(t). 

Proof: Assume that L(X, b) =4 0. Then, by definition, L|(X) =4 0. By Theorem 
116.11 there exists a compact Cartan subspace t C q. Let t 6 W(b,t). Then by 
Lemma fl4.2l the element t maps L(X, t) bijectively onto L(X, b). The assertion 
now follows from Theorem 1 16. II □ 

In the rest of this section we fix a Cartan subspace b C q containing a q . If 
P G "Pa, then the 0-stable Cartan subspace *bp of rap n q is defined as in the 
text before Ij2.6|l . 

Lemma 16.4 Let P G V a , V G iV^-faq) and assume that Lp iV (b,r) ^ 0. Then 
there exist a Cartan subspace b G mj„-ip„ Pi q and an element t G W(b | b) with 
the following properties. 

(a) *b: = b Dm v -ip v is compact, i.e., contained in t; 

(b) t = Ad(u) -1 on ap q ; 

(c) the elements o/£Lp„(b, r) belong to i*b* and are regular relative to T,(m v -ip vc , *b). 

Proof: From (|14.9|) it follows that L(X PyV , *bp. v ,r P ) ^ 0. Hence, by Corollary 
llti. 31 there exists a Cartan subspace t of mp n Ad(u)(q) that is contained in t. 
Now b = Ad(w) _1 (t © op q ) is a Cartan subspace of m 1(J -ip„ Hi q that satisfies 
condition (a), with *b = Ad(w) _1 t. 

Fix ti G W(b | b). Then tr 1 Ad(u) _1 ap q G d b. Since d b is maximal abelian 
in p d , it follows from Lemma Id. II (d) that there exists a t 2 G W(b) such that 
^2 = t^j -1 Ad(^) — 1 on ap q . It follows that t = t\t% G W(b \ b) satisfies requirement 
(b). 

Finally, let A G Lp it) (b, r). Then, in the notation of l|14.9|l . the element A': = 
Ad(v)s~ 1 A belongs to L(Xp )t ,,*bp )t ,,Tp). The element t' = Ad(u)tsAd(w) _1 
belongs to W(b | b v ) and equals the identity on op q , hence restricts to an 
element of W(i \ *bp,„). By Corollarv ll6.3l it follows that t'M belongs to it* and 
is regular relative to S(mp c , t). We now observe that t'A' — Ad(v)tA. Hence, tA 
belongs to i*b and is regular with respect to E(ttt„-ip t , c , *b). D 

Remark 16.5 Let P, v, b, t be as in Lemma Tl 6. 41 Then it follows from Lemma 
that, for all A G Lp.„(b, r), v G a* Pqc and D G B(X), 

lb {D: A + v) = Tb (D:tA + tv). 
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Corollary 16.6 Let P £ P a and let A £ L P (b, t). Then (A , a) 6 K \ {0}, for 
each a £ S(mp c , *bp). 

Proof: Select v £ P W such that A £ Lp.„(b,r). Let b,£ be associated as in 
Lemma H6.4l Then by (a) and (b) of the mentioned lemma, t maps b = *bp©dp q 
onto b = *b(Ba v -i Pvq , preserving the decompositions. The assertion now follows 
from Lemma ll6.4l fa') and (c). □ 



17 The constant term of the Eisenstein integral 

In this section we describe the constant term of the normalized Eisenstein in- 
tegral, introduced in Definition 113.71 We start by recalling the notion of the 
constant term introduced in |17j . 

If / G -4 t cmp(X: r), see Def. 110.11 then in particular / £ A(X + : r) and / 
has an expansion of the form i|tj.lfl • It follows from Lemma I1U.2I (c) combined 
with J2]j Thm. 3.5, that, for each Q £ V a and every v £ iV^(a q ), 

££Exp(Q,v\f) => Re£ + p Q <0 on a+ q . 

We define the function /Q :t ,:XiQ^ j+ — > V T by 

fQ,v(ma) = d Q (ma) ^2 ai Qi(Q, v I /,loga,m), 

5eExp(Q,«|/) 



for m £ ~X-Q tVt+ , a £ Aq^. Here dQ\ M\q ~ * S. is defined by dq(m) = y/\ det Ad(m)| nq | 
Note that dq — 1 on Mq and on Aq n H. Hence, dQ factors to a function on 
XiQjt,; in fact, dQ(ma) = a PQ , for m £ Mq^ and a £ Aq^. 

We note that, for v £ A^(a q ), the function R v f:x t— ► f(xv) belongs to the 
space AtcmpiG/vHv^ 1 : t). 

Proposition 17.1 

(a) Ifu,v£ N K (a q ), then (R v f) Q . u = fQ, uv - 

(b) The function /q iV extends uniquely to smooth function on Xig jt ,. This 
extension is the unique function in AtempO^-lQ,v '■ t q) such that 

lim (dn(mexp tX)f(mexptXv) — fn v (mexptX)) = 0, 

t — >oo 



for every m £ M\q and X £ a + 



Qq' 



Proof: The first assertion follows from [T3|, Lemma 3.7. In view of (a) it 
suffices to prove the second assertion for v = e. In this case the assertion follows 
from [T7], proof of Thm. 1. □ 
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Thus, for v — e, the function /q jV coincides with the constant term of / 
along Q, introduced by [TJI, which in turn generalizes Harish-Chandra's notion 
of the constant term for the case of the group, see [3U], Sect. 21, Thm. 1. We 
shall therefore call /q iV the constant term of / along (Q, v). The following result, 
which generalizes a result of Harish-Chandra, see [SUj, Sect. 21, Lemma 1, is 
essentially given in ^7j, Thm. 1 (b). 

Lemma 17.2 (Transitivity of the constant term) Let P,Q £ V a be such that 
P C Q. Put A P: = M 1Q n P. Let v £ N K (a q ) and u £ N KQ (a q ). Then 

(fQ,v)ip,u — fp,uv 

Proof: For v = u = e the result is equivalent to ^7], Thm. 1(b). Let now v £ 
Nji(a q ) and u £ N^ Q (ct q ) be general. Then right translation by u defines a linear 
isomorphism R u : A(Xiq v '■ tq) — f A.(X-iq uv '■ Tq). Hence, applying Proposition 
HO (b) we find that 

Ru{Jq,v) = fq,uv (17-1) 

Applying Proposition ll7.ll (a) we see that 

fQ,uv = (Ruvf)Q,e and {fQ,v)^P,u = {RufQ,v)^P,e- (17-2) 

Combining l|17.1|l with i|17.2|l , and using the first line of the proof and Proposi- 
tion ^^^ (a), we finally obtain that 

(fQ,v)*P,u ~ {{Ruv f)Q,e) A P,e = (Ruvf)P,e = fp,uv 

D 

The following transformation rule for the constant term will also be useful to 
us. Iiu,v £ N K (a q ), we define the map p T ,u-C°°(XiQ tV : tq) -> C°° (X 1u q u -i jU „ : t uQu 
in accordance with ^3], Eqn. (3.24), by 

Pt,-u<p(™>) = T(u)tp(u~ 1 mu), (m £ M luQu -i). 

One readily checks that p TfU maps At emp (KiQ tV : tq) into Aem P (X lu Q„-i iUl , : t uQu -i). 

Lemma 17.3 Let f £ _4 t cmp(X: r) and let Q £ V a and u,v £ iV/r(a q ). Then 

fuQu~ 1 ,uv = Pr,uJQ,v (17.3) 

Proof: From the definition of dQ one readily verifies that d u n u -i{umu^ 1 ) — 
dQ(m), for m £ M%q. The result now follows by a straightforward application 
of Proposition ll7.ll (b). See (T3|, Lemma 3.6, for a similar proof. □ 

Assume that f2 C ia Pq is open, and /: 51 x X — > V T a smooth map such 
that fy-.x i— > f{v,x) belongs to ^4 t em P (X: r) for every v £ il. If Q £ V a and 
v £ Nxiciq), we shall write /q^ for the map fi x Xiq a , — > V T defined by 

fQ, v (v,m) = (fv)Q,v(m), (y e(l, m £ X t Q >v ). 
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We now turn our attention to the normalized Eisenstein integral E°(P : • ) where 
P G Pa is assumed to be of residue type. In the end it will follow that any 
P G P a is of this type, see Remark 112.21 so that this is really no restriction 
on P. Let ftp be the set of points in iap where the function v h^ E°(P : v) is 
regular. Then for v G flp and -0 G A%,p, the function E°(P : v : -)tjj belongs to 
-■4temp(X : r), see Proposition ll3.l5l In accordance with the above, we denote its 
constant term along (Q, v), for Q G P a and v G A^(a q ), by Eq v (P : v : ■ )ip. 

Proposition 17.4 (RT) Let P,Q e P a and u G N K (a q ). 

(a) The function Eq U (P : ■) extends to a meromorphic C°°(Xiq.„, FIom(„42,p, ^t)) - 
valued function on a* P c , with singular set equal to a locally finite union of 

real T. r (P)-hyperplanes. 

(b) There exists a e > such that, for every ip G A2,p and p G II Sr (p)(ap ) 
with the property that v i— > p(y)E°(P: v. • )?/> is regular on op (e), the 
function v i— > p(v)Eq u (P : v : -)ip is regular on op (e) as well. 

(c) If Eq u (P : ■ ) ^ 0, f/ien W^opq | og q ) is non-empty. 

(d) Let W(ap q | OQ q ) be non-empty. Then there exist unique meromor- 
phic functions E Qus (P: ■ ): a Pqc ->■ Hom(i 2 ,p, C^^q^ : 7-q)), /or s G 
W^apq | aQ q ), suc/i that, for all m G Xq^ u and a G ^4.Q q , 

E° Q>u (P:u:ma)= £ a sV i^ s (P: * : m), (17.4) 

sgVK(op q |aQ q ) 

as an identity of meromorphic functions in the variable v G an c . Here 
s*v = vos, see § The singular locus of any of the meromorphic func- 
tions Eq u S (P : • ), for s G Il^(apq | aQ q ), is the union of a locally finite 
collection of real T, r (P)-hyperplanes. 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark IT2~2l 

(a): Let ip G A 2 ,p, and define f:{v,x) i-» E°{P: v. x)ip. Then / G 
£p y y(X: t), with Y C *ap q a finite subset, see Lemma \l'A. 171 In particular, 

it follows that / G Cp P y lyp (X + : t), see Sectional The set H:= Hf is a real 
£ r (P)-configuration in a* P c , again by Lemma fl 3. 171 

Let Hq be the collection of H G H with H n io Pq / 0. Then H is finite, 
since TL is real. For every H G 7io we select a first degree polynomial function 
l H G Pi(o Pq ) with H = Ih 1 (0), and put 

-o= n i r\ 

HeHo 

with d = d f . Select e > such that H G H, H n op q (e ) 7^8 ^ -ff £ H . 
Then the family /°:(i/,x) i-> 7r (^)/(^,x) belongs to O(ap q (e ), C°°(X: r)). 
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Moreover, in view of Lemma f 13. 171 for every a £ W/<**>Q\p and £ G —a ■ Y + 
NA r (<2), the function 

q°,z(Q, u I /) : = ^o ^(Q, u | /) 

belongs to Pk{a Qq ) <g> 0(ap q (e Q ),C oo {XQ. u : t q )); here k = deg Q /. It follows 
from |2|, Lemma 12.7, that 

/°(mau) = Y, a<7V ~ PQ E o"%(Q,«l/.logo)(i/,m), 

crEW/~ QlP £&-o-Y+NA T (Q) 

for every to £ Xq jU!+ , and a £ Aq (Rq^^ti)^ 1 ), where the second series con- 
verges neatly in a. For every v £ fip, the function /° belongs to _4 t cm P (X: r), 
see Proposition 113.151 Since Y is real, it follows by uniqueness of asymptotics, 
for all m £ Xq jUi+ and a £ ^Qq, that 

(/;)g,H= E a^g%(Q, U |/,lo ga )(^,TO). (17.5) 

06-<rV+NA r (Q) 

By density and continuity, this expression holds for all m £ Xq iU and a £ Aq^. 
On the other hand, by the characterization of the constant term in Proposition 
imi fb). it follows that, for v £ fl P , 

(/°)q,« =tto(i / )(/i/)o,«. 

Using Lemma fl 3 . 1 71 once again, we infer from (|17.5|) that ^ t-» l?n u (-P : f)^ — 
(/j/)q,u extends to a meromorphic C°°(Xiq u : TQ)-valued function on a Pc with 
singular set contained in WHf. This establishes (a). 

We will first establish the remaining assertions under the assumption that 
u = e. 

(b): Let A £ Lp(b,r), ip £ A2,p(A) and define / as above. For p £ 
n Sr (p)(a Pq ) we put f p {v, x) = p {v)f(v,x). 

According to Theorem 1 15. 121 there exist q £ H^ia* ),R( a Pq) and constants 
£o > and sq > 0, all independent of A and ip, such that f q is holomorphic 
on a Pq (£o) and belongs to T[P, r,A, sq,Sq). Let S\ be any constant with < 
e\ < £q. If p £ II Sr .(p)(op ) is such that / p is holomorphic on a* P (ei), then 
clearly / pq £ T(P, r, A, eg, So)- By a repeated application of Cauchy's integral 
formula to f pq (v, x), with polydiscs of size 0((1 + Ixix))^ 1 ), it now follows that 
fp £ T(P, r, A,e' 1; s ), f° r every e[ with < e[ < £\. See |SJ, Lemma 6.1, for a 
more detailed indication of how to use Cauchy's formula. 

Let v £ P W be such that A £ Lp >t ,(b,r), let b,t be as in Lemma fl6.4l and 
put P = v~ x Pv. Then, in view of Remark 116.51 the family f p :a*p xX-»V T 

defined by f p {p, x) — / p (t _1 /i, x) belongs to T(P, r, iA, eo, Sq). 

Since iA £ i*b*, by Lemma fl6. 41 (cl. we may apply [TJI, Thm. 3, which in 
turn is based on |S], Thm. 12.9. Let e\ < S\ < So be as above. According 
to the mentioned theorem there exists a constant e' x > such that for every 
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F £ T(P, t, tA, e' 1 , so), and all m £ XiQ, e , the function v i— ► {F u )q^ is holomor- 
phic on a^ (e^). From the proof of |17|. Thm. 3, it follows that this holds with 
e[ = min(e' 1 ,£), where e > is the constant of [T2|, Lemma 5. The latter con- 
stant only depends on A; the set Lp(b, r) is finite, hence we may chose e simulta- 
neously for all A under consideration. We now fix e > such that e < min(eo, e). 
Assume that the hypothesis of part (b) of the theorem is fulfilled. If we apply 
the above discussion to the functions f p and F — f p , with e\ = s, then e' x = e^, 
and it follows that the function v i— » {{fp)u)Q,e{'m) = p{ v )Eq e (P : v. m)ip is 
holomorphic on a* P (e[), for all m £ Xq i6 . In view of part (a) of the theorem, 
it follows that v ^ p(v)Eq e (P : v)ij) is holomorphic on a* P (e[) as a function 
with values in C°°(XiQ. e : tq). This holds for every e[ < e, whence the desired 
assertion. 

(c): From the hypothesis with v = e it follows that there exists a A G 
Lp(b,r) and a ip e _4 2 ,p(A) such that Eq u (P: -)ip ^ 0. Let tt' P be the set of 
v £ J7p such that A + v is a S(b)-regular element of b*. It follows from Lemma 
I16.4l that A is regular with respect to S(rrtp c , *bp). Therefore, n' P is open dense 
in flp, hence in iap . We infer that we may select v £ Qf p such that (f v )Q.e ^ 0, 
with notation as introduced in part (a) of this proof. 

Fix v £ P W such that A £ L PyV (b,r). Let (b,i) be as in Lemma [16.41 and 
put P: = v~ x Pv. Then th. belongs to i*b and is regular relative to S(m pc , *b). 
Now f v £ ^ tomp (X: r) and by Remark fl 6. 51 

Df„ = Tb (D:tA + tv)f v , (17.6) 

for all D £ D(X). Since tA £ i*b , tv £ ia p and tA + tv is regular with respect 
to S(b), it follows from [TJ|, Thm. 2, that the set W(a p \ <XQ q ) is non-empty. 
The map s^r'osisa bijection from the latter set onto W(ap q | OQ q ), which 
set is therefore non-empty as well. 

(d): Uniqueness of the functions E% e S (P : • ) is obvious, by linear inde- 
pendence of the functions a i— > a s v for generic v. We fix A and ip as in part (b) 
of the proof and define / as in part (a). We define the set il p as in (c). Let Q, p 
be the open dense subset consisting of v £ Q' P with s*v mutually different, for 
s £ W(ap q | OQ q ). Let v, b,t,P be as in part (c) of the proof, and fix v £ Q p . 
In view of l|17.6fl . it follows from ^7], Thm. 2, that there exists a collection of 
functions ftu,s,Q e C°°(XiQ ie : t q ), for s £ W(a Pq \ a Qq ), such that 

(fv)Q,e(m) = V ft»,§,Q( m )> ( m e X lQ,e); 



5fEW(Op q | 



and 



ftu,s,Q{ ma ) = aS tU ftu,s,Q(m), (m £ XiQ >e , a £ A Qq ). 

Combining these equations, substituting ts for s and writing f VtS> Q = ftv,ts,< 
we see that, for all m £ Xg !e and a £ AQ q , 






(WfteH 2^ U f^, Q (m). (17.7) 

sGW(aj= q |0Q q ) 
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For every s £ W(ap q | ag q ) there exists an element s £ W such that s — s| aQq , 
see Corollary 13.51 It follows that s*v = s~ 1 v\ aQtl , for a h v £ a Pqc . Using 
the definition of ^q\p we see that the class of s _1 in W/ ~<gip is uniquely 
determined by s. We denote this class by a s . Comparing 117. 5fl and 1)17. 7fl we 
see by uniqueness of asymptotics that X h^ q as ,o(Q, e I f,X){v) is constant as 
a C°°(XQ } e : TQ)-valued function on aQ q and that 

fu,s,Q(m) = qa s ,o(Q,e \ f,0)(y,m), 

for all m £ Xq^. We define Eq{P: v. to)V>: = q<r s ,o(Q,e \ f,0)(i/,m). Then 
i|17.4fl applied to ijj follows for v £ Vt P . Finally, the assertions on meromorphy 
follow from the fact that qa B ,o(Q, e | /, 0) £ M(a* P(iC , Hf,df, C°°(XQ te : tq)), by 
Lemma 113.171 

It remains to establish (b)-(d) under the assumption that u £ iVft-(a q ) is 
arbitrary. Assertion (b) follows from the already established assertion with 
u = e by application of Lemma 117.31 with it, e in place of u, v, respectively. 

To prove (c), we assume that Eq u (P : •) ^ and put Q' = u~ 1 Qu. Using 
Lemma ll7.3l we infer that Eq, e (P : • ) ^ 0. Hence, from the already established 
assertion (c) with Q',e in place of Q,u it follows that JU(ap q | a.Q> q ) ^ 0. 
Since s t— > Ad(w) -1 oso Ad(u) induces a bijection from W(ap q | ctQ q ) onto 
W(ap q | OQ'q), it follows that W(ap q \ aQ q ) ^ 0. 

Finally, assertion (d) follows from the already established assertion with 
u~ 1 Qu, e in place of Q, u by applying Lcmma ll7.3l once more in a similar fashion 
as above. □ 

If P, Q are associated parabolic subgroups in V a , see Def. 113.41 then W(ap q \ 
aQ q ) is a non-empty finite set of isomorphisms from ciQ q onto ap q ; moreover, 
the natural left action of W(cipq) as well as the natural right action of W(aQ q ) 
on this set is free and transitive. 

Proposition 17.5 (RT) Let P,Q £ P a be associated and let v £ iVff(a q ). 

Then, for each s £ W^(ap q | a.Q q ) and every ip £ A2,p, the meromorphic 
C°°{Xq^ v : r)-valued function v i— > Eq v s (P : v. -)ip on a P c , defined as in 
(17.41) , attains its values in the finite dimensional space A% (Xq <v : tq). 

Proof: We give the proof under the assumption that P and Q are of residue 
type, see Remark 112.21 Fix ip £ A2.p- Let v £ ftp and define the function 
/ £ Aom P (XiQ^ : tq) by 

f(m)=E% iV (P:v:m)1> (mS%). 

We recall from Section [3] that *aQ q is maximal abelian in Ad(v)q. Let Rq be a 
proper parabolic subgroup of Mq that contains * AQ q and is stable under the 
involution a v 9. In the notation of Section [21 Rq is of the form Px, for some 
X £ *OQ q , relative to (Mq,6) in place of (G,9). Since X is fixed under a0, it 
follows that Rq is er^-stable as well. The u^-split component of the Lie algebra 
of Rq equals op Q fl Ad(v)q = op Q (~l *OQ q = ap Q fl q, hence equals the a-split 
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component. We therefore denote it by ap gq ; the associated positive chamber is 
denoted by a£ qq . 

Since Aq is central in M\q, and stable under both a v and a, the group R\q = 
RqAq is a parabolic subgroup of M\q that contains ^4 q and is stable under 
both involutions a v 9 and a9. The associated cr^-split component equals A q — 
* Aq^Aqh, which is also equal to the tr-split component of R\q- Accordingly, 
the positive chamber is given by Ap\ = Ai AQ q . 

We now claim that every £ £ Exp (Riq, e | /) satishes 

ReC + PRlQ <0 on o+ iQq . (17.8) 

Indeed, for Riq minimal this follows from Lemma ll 0.21 For general Riq, it 
follows by application of J2], Thm. 3.5. 

On the other hand, it is readily seen that R — RiqNq is an element of P a 
and that Riq = * 1 R: = R [~l M\q. By application of Lemma fl 7. 21 

f RlQ ,e = E° R jP:vW. 

From Rq C Mq we infer that R C Q, hence dQ q C ap q , from which we see 
that dimo^q > dimap q ; hence, W(ap q \ ap q ) = 0. From Proposition 117.41 (b) 
it now follows that the function on the right-hand side of the above equality is 
zero. Wc conclude that jp 1Q , e = for every Rq as above. By definition of the 
constant term it follows that every £ £ Exp (R\Q,e | /) satisfies Re£ + pR 1Q ^ 
in addition to JTZBJ. Put f s = E Qvs (P : v)ip. Then 

f(am) = J2 ^ V fs(m), 

s£W(a P q\a Q q) 

for m £ Xq j1; and a £ Aq^. It follows that every f s belongs to AtempO^Q,v : tq). 
Moreover, every £ £ Exp (i?Q,e | / s ) satisfies Re£ + pR Q < on a^ and 
Re£ 4- pn Q ^ 0. In particular, if Rq is a maximal #<7 u -stable parabolic subgroup 
in Mq, it follows that every exponent £ € Exp (i?g, e | / s ) satisfies Re£ + pn Q < 
on o^ Qq . This implies that (f s )R Q , e = 0; hence, f s £ A 2 {Xq !V : tq), by 0, 
Prop. 12. 

Let s £ W(ap q | ciQ q ). We have shown that the function ip: v i— > ££ v S {P ■ v)ip 
attains its values in ^(Xq,, : tq) for v £ flp. Since Q is of residue type, 
•AiO^Q,v '■ t q) is a finite dimensional subspace of C°°(Xq i1) : tq) by Lemma ri2.6l 
By meromorphy it now follows that ip is ^2(Xq.„ : tq)- valued. □ 

li P,Q £ P a are associated, then s t— ► s _1 defines a bijection from W^ciQq | 
ap q ) onto W(ap q | OQ q ). In this case we write, for s £ W(a.Q q | ap q ), 

sv:= (s )*v = i/os , {y £ ap qc ). 

Definition 17.6 (RT) Let P,Q £ P a be be associated. For each s £ W(a.Q q 
ap q ) we define the meromorphic Hom(„42.p,-42,Q)-valued function Cq, p (s : ■) 
on a Pqc by 

[C QlP (s : v)^] v = E°^ (P : i/ty, (v £ «W). 



s:-! 



In the chain of reasoning leading up to Theorem 121.21 this definition requires 
P to be of residue type, since it depends on the validity of Definition 113.71 see 
Remark IT2~2l 

Corollary 17.7 (RT) LetP,Q E V a . For each s € W(a Qq | o Pq ), the Kom( A 2 , p, A 2 ,q)- 
valued meromorphic function Cq, p (s: ■ ) on a Pqc has a singular locus equal to 
a locally finite union of real T, r (P)-hyperplanes. 

Letv E ia P be a regular point for E° (P : •) and the C -functions Cq, p (s : •), 
as s E W(aQ q | ap q ). Let tp E A 2 ,p- Then the function E°(P: v)i\), which be- 
longs to _4tcmp(X : t) by Provosition \13.lh\ has the following constant term along 

E° QjV {P:v:maW= £ a av [C° Q]P (s: u)^] v (m), (17.9) 

seW r (a Qq |o Pq ) 

for all m E XQ )tI and a E AQ q . 

Proof: We give the proof under the assumption that P and Q are of residue 
type, see Remark ll2.2l The result is an immediate consequence of Propositions 
1 1 7 . 41 and 117.51 combined with Definition 1 17. 61 □ 

Remark 17.8 Formula i|17.9fl above generalizes Harish-Chandra's formula for 
the constant term of the normalized Eisenstein integral in 25], Thm. 5-6, see also 
|3"T] . Thm. 14.1. Accordingly, the functions Cq, p (s: • ), for s E W(ciQ q | Op q ), 
will be called normalized C-functions. 

In the context of reductive symmetric spaces, for minimal P the above result 
is due to [S], Eqn. (133), in view of 0, Eqn. (52). For general P the result is 
due to OH, Eqn. (5.3). See also Remark UTTUI 

Remark 17.9 Note that it follows from the characterization of the normalized 
Eisenstein integral in Proposition 1 1 3 . 61 that 

C P{P (1 :!/)=/, (i/eay. 
18 The Maass— Selberg relations 

In this section we derive the Maass-Selberg relations for the normalized C- 
functions. As a first step we use the vanishing theorem to prove the following 
functional equation for the Eisenstein integral. 

Proposition 18.1 (RT) Let P,Q E V a be associated parabolic subgroups. 
Then, for each s E W(<XQ q | ap q ) and all ieX, 

E°(P: v. x) =E°(Q: sv : x)C° Q \ P {s: v), 

as a meromorphic identity in v E ap qc - 



Proof: We give the proof under the assumption that P is of residue type, see 
Remark IT2~2l Fix ip G A 2 ,p- By Corollary [17.71 the function v ^ C% p {s:v)ip 
belongs to M(a Pqc ,H, A^,q) 1 for some locally finite collection H of £ r (P)- 
hyperplanes in a* P c . It follows that the function A i— » Cqip( s: s X)%l> belongs to 
M(o.q c , s7i,^2,Q)- Here s7i is a locally finite collection of S r (Q)-hyperplancs 
in Oq . By Proposition 1 13. (jl the family (A, a;) »-» E°(Q: A: a;)^ belongs to 

£q P (X: t), for every ipQ G ^.2,Q- We conclude that the family 

/:(A,x)h^£ (Q: A: x)C^ [P (s: s' 1 X)i/> (18.1) 

belongs to £ Q yp (X: r) as well. For A in the complement 51 of a locally finite 
union of hyperplanes in ia% , the function f\ belongs to _4. t cmp(X: r), and its 
constant term along (Q, v), for v G ^W, is given by 

(fxhAma) = £ a tx [pr v C° Q{Q (t: X)C° QlP (s: s^A^Rm); 

teW(a Qci \aQq) 

see Corollary II 7. 71 Taking Remark fl 7 . 91 into account, we see that q\- PQ (Q,v \ 
f\)(X,m) = [pi v C^ p (s: s~ 1 X)ip](m), for all A G 0,, X G a Qq and m G Xq iV)+ . 
By application of 14 , Thm. 7.7, Eqn. (7.14), it follows that 

q- lfi (Q,v | /,X)(A,m) - [pr„C£ |P (s: s^A^m), (18.2) 

for generic A G *Qq , X G dQ q and to G Xq j11]+ . By meromorphy this actually 
holds as an identity of meromorphic functions in A. 

On the other hand, it follows from Definition 113.71 combined with Lemma 
EiH that the family 

g:(\,x) ^E°(P: s _1 A: x)ip (18.3) 

belongs to £ Q yp (X: t). Moreover, for A in the complement of a locally finite 
union of hyperplanes in i<x*q , the function g\ belongs to „4 t cmp(X: r), and its 
constant term along (Q, v) is given by 

(g x ) Q , v {ma) = ]T a ts " x [py v C° QlP (t: s^X^im). 

tSW(0Q q |aj» q ) 

This implies that, for every X G flQ q , 

q I:Q (Q, v | g, X)(A, • ) = pr„C£ |P (s : s^X)^, (18.4) 

as a meromorphic identity in A G cig c . From (|18.2|) and (|18.4|) it follows that 

the family / — g G £ Q yp (X : t) satisfies the hypothesis of the vanishing theorem, 
Theorem l6.HI Hence, / = g. It follows that the meromorphic C°°(X : r)-valued 
function v i— > f sv — g sv on a Pc is zero. This implies the result, in view of l|18.1fl 
and JTS3J. D 
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Corollary 18.2 (RT) Let P, Q £ V a be associated parabolic subgroups. Then, 
for each s € W(a.Q q \ap q ) and all x £ X, 

E*{P: v: x) = Cq| P (s: -v)* E*(Q: sv : x), 

as a meromorphic identity in v £ &q qc - 

Proof: We give the proof under the assumption that P and Q are of residue 
type, see Remark ll2.2l The result follows from Proposition 118.11 combined with 
Definition 11371 □ 

We shall now derive the Maass-Selberg relations for the normalized C- 
functions from the invariance properties of the kernel LCp, formulated in Theo- 
rem E23 

Theorem 18.3 (RT) Let P,Q ^V a be associated. Then {or each s £ W(dQ q 

a Pq), 

C° QlP (s--v)C° Q[P (s:-py=I, (18.5) 

as an identity of meromorphic End(^2,Q) -valued functions in the variable v £ 
a _Pqc! 

Remark 18.4 For the case of the group the above result was announced by 
Harish- Chandra in 29 , Thm. 6, with a proof appearing in |22, Lemma 17.1 
(see also Remark 1 13. 911 . For the Riemannian case H = K, which is a special 
case of that of the group, the relations were proved in [J2|, Thm. 6.6. 

For general reductive symmetric spaces and minimal P the result is due to 
5 , Thm. 16.3, combined with 6 , in view of |5], text after Eqn. (55). For general 
P the result is due to J. Carmona and P. Delorme, JU|j Thm. 2 and Prop. 5 
(vi). See also Remark 1 13. 101 

Proof: We give the proof under the assumption that P and Q are of residue 
type, see Remark ll2.2l It follows from Definition II 3 . 2UI that 

\Wq\Kq{sv: x: y) = E c (Q : sv : x)E*{Q:su: y), (18.6) 

for all x,y £ X, as an identity of meromorphic functions in v £ ap„ c . On the 
other hand, from the mentioned definition combined with Proposition llS.ll and 
Corollary 1 18. 21 it follows that 

\Wp\K P (v: x: y) = E°(P: v. x)E*(P: v. y) 

= E°(Q: sv: x)C° Q \ P {s: v)C% ]P (s: -v)*E*{Q: sv : y), (18.7) 

for x,y £ X, and generic v £ a Pqc . N ow \Wp\ = \Wq\ since P and Q are 
associated. Hence, using Theorem 113.231 we infer that 

E°{Q: sv: x)E*{Q: sv: y) 

= E°(Q: sv:x)Cq IP (s:v)Cq IP (s: -v)*E*{Q: sv : y) (18.8) 
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for all x, y G X, as identities of meromorphic functions in the variable v G ap c . 
Let v G ^W, and take x = mav with m 6 Xq „ + arbitrary and a tending 
to infinity in ^4n q - Comparing the coefficients of a SI/ ~ PQ in the asymptotic ex- 
pansions along (Q,v) of the resulting expressions on both sides of 1(18.8(1 . using 
Definition 1 13. 71 we obtain that 

Wq,v° e *{Q- sv - V) =P T Q,v oC Q\p(s- v)Cq\ p (s: -D)*E*(Q: sv: y), 

for all y G X, as an identity of meromorphic functions in the variable v 6 ap c . 
Taking adjoints and substituting — v for v we now obtain 

E°(Q: sv. y)oi QtV = E°(Q:su: y)C° QlP (s: is)C° QlP (s: -D)* oi Q>v . (18.9) 

Fix w G ^W, and put y = maw, with m G Xq jU)j+ arbitrary and a G Aq 
tending to infinity. Comparing the coefficients of a sv ~ PQ in the expansions 
along (Q, w) of the functions on both sides of i|18.9fl . we obtain 

P r Q,w oi Q,v =P 1 'q,w°Cq\p(s- v)C° q \ p (s: -P)* oi Q . v , (18.10) 

as a meromorphic identity in the variable v G ap c . This holds for arbitrary 
v, w G ^W; in view of the direct sum decomposition (|13.1|) with Q in place of 
P, the equality i|18.10|) therefore remains valid if the maps prg w and iq. v are 
replaced by the identity map of A2,q- □ 

Remark 18.5 Conversely, if the Maass-Selberg relations i|18.5fl hold, then the 
expression on the right-hand side of IJ18.7JI equals the one on the right-hand side 
of 1)18.6(1 : hence 1(13.13(1 . the invariance property of the kernel Kp, follows. Thus, 
the Maass-Selberg relations are equivalent to the invariance properties of the 
kernel. 

Corollary 18.6 (RT) Let P,Q G V a be associated parabolic subgroups, and let 
s G W(ciQ q | ap q ). Then there exists a constants > such that the meromorphic 
Hom(„42.p, A.2,q) -valued function Cq, p (s: •) is regular on a* P (e). 

Proof: We give the proof under the assumption that P and Q are of residue 
type, see Remark ll2.2l The corollary is a straightforward consequence of Corol- 
larv ll7.7l and Theorem ll8.3l combined with the lemma below. □ 

Lemma 18.7 Let P G V a - Let V be a complete locally convex space, and 
let ip be a V -valued meromorphic function on ap QC , with singular locus sing ip 
contained in a locally finite collection of real ~E r (P)-hyperplanes. Assume that 
for every Ao G ia* P there exists an open neighborhood uj of Xq in iap„ such that 
if is bounded on u>\ sing ip. Then there exists a e > such that <p is holomorphic 
on a* Pq {e). 
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Proof: Since the collection "H of singular hyperplanes of ip is a real E r (P)- 
configuration, the number of H G TL with H n Op (e') fl H ^ is finite, for 
every e' > 0. Hence, there exists ape n Er (p) R (op ) of minimal degree such 
that ip p : A \— ► p(A)y>(A) is holomorphic on a neighborhood of ia* P . Clearly (p p is 
holomorphic on op q (e), for a suitable e > 0. Assume that degp > 1. Then there 
exists a a <E T, r (P) and a constant c £ R such that ?: A i— ► (a , • ) — c is a divisor 
of p. By minimality of p it follows that h: = iap fl £ -1 (0) is non-empty. From 
the hypothesis we infer that ip p — on /i. By analytic continuation it follows 
that ipp — on h c fl op (e) = Z _1 (0) n op (e). By a straightforward argument 
involving power series expansion in the coordinate function Z, it now follows that 
l~ 1 ip p is holomorphic on op (e). This contradicts the minimality of p. Hence, 
degp = and the result follows. 

□ 

Theorem 18.8 (RT) Let P G V a . Then there exists a constant e > such 
that v I— ► E°(P: v) is a holomorphic C 00 (X,Horti(A2,p,V T ))-valued function on 
op q (e). 

Remark 18.9 For the group case the above result is due to Harish- Chandra 
j.'i2j . For general reductive symmetric spaces and for P minimal, the result is 
due to |2|, Thm. 2. For non-minimal P it is due to [HJ\, Thm. 3(i). 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark IT2~21 Let A G L P (b,r) and fkife A 2 ,p(A) and 77 G V^*. Let s > 0; 
then the family F: (A, x) 1— > r]E (P: A: a;)^ belongs to the space II mer (A, £0) 
defined in 7], Def. 3. From Corollary 117.71 and Corollary 118.61 it follows that 
F satisfies the hypotheses of [7], Thm. 2. Hence, there exists a e\ > such 
that F belongs to the space Il'(A,£i). In particular, this implies that A h^ F x 
is holomorphic on op (e) for some £ > 0. The theorem now follows by linearity 
and finite dimensionality of V T and Ai,p- D 

Proposition 18.10 (RT) Let P G "Per. Then there exist constants e > and 
s > and for every u G U(q) constants n G N and C > 0, suc/i i/iai the func- 
tion v 1— ► E°(P : v) is a holomorphic C°°(X, Hom(^42,_p, V T )) -valued function on 
op (e) satisfying the estimate 

\\E°(P: v: u;x)|| < C|(^,x)re(2;)e s|Rci/| ' x(a;) , (1/ G op q (e), a: G X). 

Proof: We give the proof under the assumption that P is of residue type, 
see Remark 112.21 By finite dimensionality of V T and A2,p, it follows from 
Theorem 115.121 and Definition 115.41 that there exists a p G n Er (p-) K (op ) and 
constants e > and s > such that v *-* p{y)E°{P: v) is a holomorphic 
function on op (e), with values in C°°(X)®Hom(.42,p, V T ). Moreover, it satisfies 
the following estimates. For every u G U(g) there exist constants n G N and 
C > such that 

\\p(u)E°{P: v:w,x)\\ < C\(v,x)\ n Q(x)e s \ Rc ^ x \ [y G op q (e), a: G X). 

(18.11) 



If we choose e > sufficiently small, then by Theorem 118.81 the function v \— > 
E°(P : v) is already holomorphic on a* P Js). By a straightforward application of 
Cauchy's integral formula, involving polydiscs of size 0((1 + Zx(a;)) _1 ), it follows 
that for e > sufficiently small, the following is true. For every u £ U(g) there 
exist n£N and C > such that the estimate <|18.11(1 holds with p = 1. □ 

Corollary 18.11 (RT) Let P £ P CT . Then there exist constants e > and s > 
and for every u £ U(g) constants n £ N and C > 0, smc/i inat t/ie function v h- ► 
E*(P: is) is a holomorphic C°°(X, Hom(Vv, ,42, p))-valued function on a* P (e) 
satisfying the estimate 

\\E*(P: v. u;x)\\ < C\(^x)\ n e{x)e slKc ' /llx(x) , e oJ, q (e), sc £ X). 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark 112.21 In view of Definition 113.71 the result follows from Proposition 

mm □ 

Corollary 18.12 (RT) Let P £ V a . Then, for all U £ S{a* Pq ) and u £ [/(g), 
there exist constants m £ N and C > swc/i i/iai 

||£*(P: ^;C/: w;x)|| < C|(i/, x)\ m Q(x), (v e ia* Pq , xeX). 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark ll2.2l The result follows from the estimate of the previous corollary, by 
a straightforward application of Cauchy's integral formula involving polydiscs 
of size Odl + lxix))- 1 ). D 



19 The spherical Fourier transform 

We recall from [S], Cor. 17.6, that there exists a constant N £ N such that 

(l + Zxr^ei^X). (19.1) 

Combining the estimate (|12.1fl with 119.1( 1 and the estimate of Corollary 
118.121 we see that the integral in the following definition converges absolutely. 

Definition 19.1 (RT) Let P £ V„. If / e C(X: r), we define its Fourier 
transform T P f: ia* Pq — > A2,p by 

T P f(v)= [ E*{P:v:x)f{x)dx, {veia Pq ). 
Jx 

The above definition depends on the validity of the estimate of Corollary 
118.121 Thus, within the chain of reasoning leading up to Theorem 12 1.21 the use 
of this definition requires P to be of residue type, see Remark fl 2. 21 



Remark 19.2 If G has compact center modulo H, then oc q = {0} and Ai,g = 
AiiGjH: t). Moreover, using Remark 1 1 3 . 1 II we infer that / i— > JF g /(0) is the 
restriction to C(X: r) of the orthogonal projection L 2 (X: t) — > i^(X: r) = 

Lemma 19.3 (RT) Let P G TV XTien /or ewer?/ U G 5(ap ) i/iere exists a 
constant m G N and a continuous seminorm s on C(X: r) smc/i f/iaf 

sup (1 + M)- m ||^ P />;[/) || <,s(A 



/or a/Z / G C(X: r). In particular, the Fourier transform J-p maps C(X: r) 
continuous linearly into C°°{iap ) ® .4,2, p. 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark ll2.2l The result follows from the estimates (|19.1|) and l|12.1(l combined 
with the estimate of Corollary 1 18. 121 □ 

Lemma 19.4 (RT) Let P G V a . Then for every D G D(X) and all f G 
C(X:t), 

T P {Df){ V ) = tp (D : v)T P f(y), {v G ia* Pq ). (19.2) 

Proof: We give the proof under the assumption that P is of residue type, see Re- 
mar k l 12. ^ From [3], Lemma 7.2, we recall that every D G O(X) acts by a contin- 
uous linear endomorphism on C(X : r). Since Tp: C(X : r) — > C^°(iap ) <g> A2, p 
is continuous, it suffices to prove the identity l|19.2fl for / in the dense subspace 
C^°(X : r) of C(X : t). For such / the identity is an immediate consequence of 
Lemma IbOl □ 

Let f2 be the image in D(X) of the Casimir operator defined by the bilinear 
form B on g, see Section |5J 

Lemma 19.5 (RT) Let P G V a and let e > 0. 

(a) fi p (n : v) = -\v\ 2 L + 0{\v\) as v G ap q (e), \v\ -► 00. 

(b) There exists a constant R > smc/i that for every v G ap (e) wii/i |^| > i? 
f/ie endomorphism /J.„(f2: v) is invertible and the operator norm of its 
inverse satisfies the estimate 

|H 2 ||^ p (f7:^- 1 ||<2. (19.3) 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark ll2.2l Let ( ■ , • } denote the complex bilinear form on op that extends 
the dual of the given bilinear form on dp q . There exists a first order polynomial 
function u : o Pqc — » End(„4 2 ,p) such that 

/£p(0: v) = (u , u)I + ^(y), {v G a Pqc ). (19.4) 
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Indeed, this follows by application of Corollarv ll4.4l It follows by a straightfor- 
ward estimation that, for v £ a* Pq (e), 

(v, v) = -\v\ 2 + 0{\u\) as |i/| — *■ oo. (19.5) 

Using that ||//i(^)|| = O(M) we obtain (a) from l|19.4fl and l|19.5|) . From (a) it 
follows that -\v\~ 2 n (ft: v) =I + 0(\u\~ 1 ). Hence, (b) follows. D 



In the following result, S(ia* P ) denotes the Euclidean Schwartz space of 
ia* Pq . 

Proposition 19.6 (RT) Let P G V a . Then the Fourier transform Tp maps 
C(X : r) continuous linearly into S(ia P ) (£> Ai,p- 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark ll2.2l Moreover, we use the argumentation of |5], P- 436, completion of 
the proof of Theorem 19.1, with Tp in place of T v . Let us label the first two 
displayed formulas in the mentioned text in \£\ by (El) and (E2), respectively. 
The estimate (I19.3|) generalizes the estimate of [5], Lemma 19.4. 

Let R > be as in Lemma 119.51 (b) for some choice of e > and let 
u G 5(a Pq ) and M G N. In view of the last assertion of Lemma ll9.3l it suffices to 
prove the analogue of (El), i.e., it suffices to prove the existence of a continuous 
seminorm s on C(X: r) such that 

\\r P f{v,u)\\<0. + \v\)- M s(f), 

for every / G C(X : r) and all v G ia Pc . with \i/\ > R. As in j^j this is done by 
induction on the order of u, by using Lemma 1 1 9 . 31 instead of (E2) and by using 
Lemmas II 9.41 and 119 . 51 instead of -5,, Lemmas 19.3 and 19.4, respectively. □ 

We end this section with a result on the Fourier transform of a compactly 
supported smooth function. If S > we write 

Xs:={sceX|Zx(a:)<5}. 

Then Xg is a if -invariant compact subset of X. We write C5 3 (X : r) for the 
closed subspace of C°° (X : t) consisting of functions with support contained in 

x s . 

Proposition 19.7 (RT) Let P G V a and let e > be as in Corollary 1 18. Ill 
For every f G C^°(X : r), the Fourier transform Tp{f) extends to a holomorphic 
function on a* p (e) with values in A2.p- Moreover, let S > 0. Then for every 
771 G N there exists a continuous seminorm p m on C^°(X : r) such that, for every 
/GC|P(X:r), 

IIWMII<(i + M)- ro Pm(/). (^ e <x Pq (e)). (19-6) 
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Proof: We give the proof under the assumption that P is of residue type, see 
Remark ll2.2l The assertion about holomorphy is a straightforward consequence 
of the holomorphy of the Eisenstein integral as formulated in Corollary 118.111 
Let n G N be the constant of the mentioned corollary associated with u = 1. Let 
S > 0. Then it straightforwardly follows from the estimate of Corollary 118.111 
that there exists a continuous seminorm p on Cg D (X: r) such that, for every 

feCfpL-.r), 

\\?pM\\ < (1 + M)>o(/), {y e a* Pq (e)). (19.7) 

Let R > be associated with e > as in Lemma ri9.5l Then it follows from the 
above estimate that, for every k G N and for v £ a* P (e) with \v\ > R, 

WfWfpMW = W\ 2k U p (n:v)- k r P (n k f)(v)\\ (19.8) 

< (1 + W\) n p (2 k n k f). (19.9) 

Taking k G N such that n — 2k < m we see that there exists a continuous 
seminorm p' m on C,g(X: r) such that for every / G C^°(X: r) the estimate 
ijlinij) holds for all v G ap q (e) with |z/| > R. From (|T?7|) it follows that there 
exists a constant C > such that the estimate (|19.6|) holds with Cpo in place 
of p m , for all v G a P (e) with |^| < i?. Take for p m any continuous seminorm 
with p m > max(Cpo:Pm); then the desired assertion follows. □ 

We end this section with another useful result. 

Lemma 19.8 (RT) Let P G V a and assume that ap q ^ 0. Then Tp vanishes 
onA 2 (X: t). 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark 112.21 Fix / G Az (X : r). Then there exists a non-trivial polynomial 
q in one variable such that q(£l)f = 0. In view of Lemma [19.41 it follows that 
q(fi (ft: v))Tpf(v) — for all v G ia* P . From Lemma fl 9 .51 it follows that the 
polynomial function v i— ► detg(^_(0: v)) is not identically zero. Hence, Tpf 
vanishes on an open dense subset of iap . By smoothness of Tpf it follows that 
T P f = 0. ' ' □ 



20 The wave packet transform 

It follows from the estimate in Proposition ll8.1(Jl that the integral in the following 
definition is absolutely convergent. We agree to write dv for the Lebesgue 
measure dfj,p(v) on ia* P , normalized as in Section [S] 

Definition 20.1 (RT) Let P G V a . Then for every tp G S(ia* Pqc ) ® A 2 ,p, we 
define the wave packet Jpy. X — > V T by 

J P cp(x):= I E°{P:v:x)ip(v)dv (x G X). 
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This definition depends on the validity of the estimate of Proposition ll8.lCH 
which in the chain of reasoning leading up to Theorem 12 1 . 21 reci uires P to be of 
residue type, see Remark fl 2 .21 

Note that the wave packet Jpip is smooth r-spherical function. 

Remark 20.2 If G has compact center modulo H, then Aa q — {0} and A2,g = 
A2(G/H: t). In this case the measure dv = d^c has total volume 1 (end of 
SectionEJ, and using Remark lhS.lll we infer that Jaf — ^(0). Accordingly, Jg 
is naturally identified with the inclusion map .42 (X : r) — > C°°(X : r). 

Theorem 20.3 (RT) Let P G V a Then the wave packet map Jp maps S(ia P )® 
A2.P continuous linearly into the Schwartz space C(X: r). 

Proof: We give the proof under the assumption that P is of residue type, see 
Remark Tl2. 21 Let A G Lp(b,r) and fix i/j G A2,p(A). We recall from the proof 
of Theorem II 8. 81 that the family F defined by 

F{v,x) =E°{P: v. x)i> 

has components with respect to a basis of V T that are functions of type II' (A) 
in the sense of Q. Hence, by 0, Thm. 1, the map a 1— > W a: F , where 

W„,f(i) = / a{v)F(v,x) dv, 



is continuous linear from S(ia* Pq ) into C(X : r). We note that W a ,F = Jp{a®t})). 
Hence, the result follows by using linearity, the finite dimensionality of A2,p (see 
Corollary II 4. 4f> and the decomposition l|14.10() of the latter space. □ 

Let P G V a and D G D(X). In the following lemma we write /z (D) for the 
endomorphism of S(ia Pq ) (g) A2,p given by 

[ tp {D) V ]{v)=y lp {D:v)(v{v)), 

for (p G S(ia Pq ) <g) A2,p and v G ia* Pq . 

Lemma 20.4 (RT) Let P G V a and D G D(X). Then 

D o J P = J P o fj, p (D) on S(ia Pq )®A2,p. (20.1) 

Proof: We give the proof under the assumption that P is of residue type, 
see Remark ll2.2l The operator D defines a continuous linear endomorphism of 
C(X : t), by 0, Lemma 7.2. In view of Theorem l20.3l it follows that both sides 
of the equation are continuous linear maps from S(ia Pq ) (8) A2,p to C(X: r). 
Hence, by density it suffices to prove the equality when applied to an element 
tp G C^°{ia P ) ® A2,p- But then the result is an immediate consequence of 
Lemma 114.11 by differentiation under the integral sign, in view of Definition 

1201 □ 
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We equip C(X: r) with the restriction of the L 2 -inner product ( • | • } from 
L 2 (X : t). Similarly, for P G V a , we equip S(ia Pq ) ®A2,p with the restriction of 
the L 2 -type inner product ( • | • } from L 2 (ia* Pq ) ® Ai,p- With respect to these 
structures the Fourier transform Tp and the wave packet map J F are adjoint 
in the following sense. 

Lemma 20.5 (RT) Let P G V a . Then the continuous linear operators J- F : C(X : t) 
S(ia* P q )<£>./42,p and Jp: 5(iap )<8>.A2,p ""> C(X : r) are adjoint in the sense that, 
for all f G C(X : r) and </? G S(«a Pq ) ® -4 2 ,P, 

(J-p/ | p) = (/ | J P¥ ,) (20.2) 

Proof: We give the proof under the assumption that P is of residue type, 
see Remark 112.21 By continuity and density it suffices to prove (|20.2|l for all 
/ G C^°(X: r) and tp € C^°(ia Pq )(g)^2,p- For such / and (p, the formula follows 
by an application of Fubini's theorem. □ 



21 Fourier inversion for Schwartz functions 

In this section we show that the Fourier inversion formula (|8.1U|) , established in 
|12| . implies an inversion formula for Schwartz functions, formulated in terms 
of the Fourier transforms and the wave packet maps introduced in the previous 
sections. 

The crucial first step is the following. 

Proposition 21.1 (RT) Let F d A. Then for every W -invariant even residue 
weight teWT(E), 

T F = [W: W F ] i(a+ q ) J F T F on C c °°(X:t). (21.1) 

Proof: We give the proof under the assumption that Pp is of residue type, see 
Remark ll2.2l In case F = A and G has compact center modulo H, then a Fq = 
<*Gq = {0} and the proof below has to be read according to the conventions 
indicated in Remarks EH1 EH 113.111 IT9~2l and I2TT21 

Let / G C C °°(X: r) and x € X+. It follows from (SSJ that 

T F f(x) = |W|t(o+ q ) / f K F {v;x: y)f{y) dyd^ F {v), 

Jia* Fli +eF J X 

for all e F G aj sufficiently close to zero. In view of (|13.12|) and Dcfinitiou ll9.il 
this equality may be rewritten as 

T F f{x) = [W:W F ]t(a Fq ) f E°(P F : v. x)T F f(y) dp, F {v). (21.2) 

Jia" Ftl +e F 

Since the expressions on both sides of the equation extend smoothly to all of X 
in the variable x, it follows that (|21.2|) holds for all a; G X. From Theorem 1 18. 81 
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and Proposition 119.71 it follows that v i— > E°(P f : v. x)T F f{y) is holomorphic 
on cipJe), for some e > 0. Moreover, from the mentioned results it also follows 
that for every N > 0, there exists a constant Cn > such that 

\\E°(P F : v:x)? F f(v)\\ < C N (1 + \u\)~ N , (v E o* q ( e )). 

This estimate allows us to take the limit of <|21.2[1 for e F — > 0; thus, using 
Definition 120. II and observing that d[i F {y) = dv on ia F , we obtain (|21.1|l . D 

The proof of the following result involves an induction step using the long 
chain of results marked (RT), see Remark ll2.2l 

Theorem 21.2 

(a) Every P E V a is of residue type. 

(b) If ' t is any W -invariant even residue weight for E, then 

f = ]T [W: W F ] t(a Fq )J F T F f, (21.3) 

FCA 

for every / E C(X: t). 

(c) The pair (G, H ) is of residue type if and only if G has a compact center 
modulo H. 

Proof: We first show that (c) and (b) follow from (a). Thus, assume (a). Then 
viewed as a parabolic subgroup, G is of residue type. By Remark ll3.3l it follows 
that the pair (°G, °GC\H) is of residue type. Moreover, if G has compact center 
modulo H, then (G, H) is of residue type. If the center of G is not compact 
modulo H, then (G,H) is not of residue type, by Definition 112.11 (a). This 
establishes (c). 

We now turn to (b). Let / be a VK-invariant even residue weight for S. Then 
for each FcA, the parabolic subgroup P F is of residue type so that Proposi- 
tion [20] applies. It now follows from l|8.10|l combined with 121. l|l that l|21.3|l 
holds for every / E C^° (X : r) . Finally, the validity of (b) follows by density of 
G^°(X: r) and continuity of each of the J F T Fl for F C A fProposition 119. (H 
and Theorem 121). 31 apply with P = P F , since P F is of residue type). 

It remains to prove (a). We will do this by induction on dim^4 q , the o~- 
split rank of G. First, assume that dimA q = 0. Then X is compact, hence the 
pair (G, H) is of residue type, see Remark 112.31 It follows that G, viewed as a 
parabolic subgroup, is of residue type, see Remark f 13. 31 Since V a = {G}, this 
establishes (a) in case dimA q = 0. 

Thus, assume that dimyl q > 1 and that (a) has been established for all pairs 
(G', a') with G' of cr-split rank smaller than dim A q . 

If the center of G is not compact modulo H, then °A q : — °G fl A q C A q . 
Hence, it follows by the inductive hypothesis that every cr-parabolic subgroup of 
°G containing °A q is of residue type. Denote the set of these parabolic subgroups 
by °V a - Then G = °G x C, where G = exp(center (g) n p) and P ^ PC is a 
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bijection from °V a onto V„. Moreover, M PC = M P for every P € V a {°G). In 
view of Definition 113. II it follows that every parabolic subgroup from T a is of 
residue type as well, whence (a). 

Thus, we may assume that G has compact center modulo H ; then ciAq = 0. 
By the inductive hypothesis, the symmetric pairs {Mp, MpDvHv -1 ), for F C A 
and v £ iVif(Oq), satisfy condition (a). In particular, Mp, viewed as a parabolic 
subgroup of Mp, is of residue type relative to vHv~ l . Since °Mp = Mp, it 
follows by Remark 113.31 that the pairs (Mp,Mp n vHv -1 ), are all of residue 
type. In view of Definition 113.11 it now follows that the standard parabolic 
subgroups Pp, for FCA, are all of residue type. 

Let t be a ^-invariant even residue weight on E. Then T A is a continuous 
linear operator from C^° (X : r) into the finite dimensional subspace A f A (X : r) 
of C°°(X: r); all functions in this subspace are D(X)-finite, see the text after 

Proposition I21.ll applies for every subset F C A. Hence, from 1)8.10(1 and 
jgTJl it follows that 

Ti = I-J2i W: W f] *(4 q ) i/i^-F (21.4) 

FCA 

as an operator from C£°(X: r) into C°°(X: r). Applying Proposition 119. 61 and 
Theorem l20.3l we infer that T A extends to a continuous linear map from C(X : r) 
into *A^(X: r) (~lC(X: r); moreover, the latter intersection is continuously con- 
tained in A2 (X : t) . By density of C^° (X : r), the validity of the identity l|21.4jl 
extends to the space C(X: r). 

By repeated application of Lemma ll9.8l with P = Pp, F C A, it follows from 
i(2"n)l that T^ = I on .4 2 (X : r). Finally, by application of Lemma l27T5l to i(2"l~4T 
it follows that T A is symmetric with respect to the L 2 -inner product on C(X : r). 
We conclude that T A is the orthogonal projection from C(X : r) onto ^(X : r); 
in particular, it follows that the latter space is finite dimensional. Moreover, 
since ^(X: r) is dense in L^(X: r) it follows that .42 (X: r) = X 2 (X: r) and 
that T A is the restriction of the orthogonal projection L 2 (X: r) -^ L^(X: r). 
From this we conclude that (G, 7i ) is of residue type, see Definition 112.11 and 
Remark 1 12. 51 Hence, Pa = G is of residue type. It follows that all standard 
parabolic subgroups in V a are of residue type. Since every P £ V a is associated 
with a standard one, see Lemma 13.61 assertion (a) follows by application of 
Lemma 113.51 □ 

We define the equivalence relation ~ on the collection of subsets of A by 
F - F' ^=^ P F - P F ,. 

Lemma 21.3 Let t be a W -invariant even residue weight on E and let F C A. 
Then 

E t(a F , q ) = \W(a Fq )\- 1 . 
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Proof: Let P a (Ap cl ) denote the collection of all P £V a with cr-split component 
Ap q equal to Ap q . Moreover, let S denote the collection of all subsets F'cA 
with F' ~ F. For every P £ V a {AFq) there exists a unique Fp c A such that 
sPs^ 1 — Pf p , for some s £ W, see Lemma let. 61 Clearly, ,Fp ~ F Moreover, the 
map p: P I— > -Fp is surjective from F CT (AFq) onto 5. If F' e 5, let Wf>,f denote 
the collection of s £ W mapping ap q onto OF< q . Then the map s h- ► s~ 1 PfiS 
from Wp>,F ontop~ 1 (F') factors to a bijection from Vy(ap/ q | a^q) ontop _1 (F'). 
Starting from (|2.1|) with Q = Pf we now obtain that 

i = E f ( a p q ) 

P£V„(A Fcl ) 



E E ^(O) 

?'S£ seW(a FW \a Fq ) 

E |W(o^ q | a Fq )| t(a F , q ). 



F'CA 



For every F' C A with F' ~ F, the group W(ap q ) acts freely and transitively 
from the right on W(aF> q | o^q)- Hence, |W(ciF'q | QF q )| = |W(tiFq)| and the 
result follows. □ 

Lemma 21.4 Let P,Q 6 V a be associated parabolic subgroups and let s £ 
W(a Pq | a Qq ). Then 

(a) F P f{sv) = C° PlQ (s : v)F Q f{v), for all f £ C(X: r) and i/ G ia* Qq , 

(b) JpTp = JqTq as endomorphisms ofC(X: r). 

Proof: It follows from Corollary 118.21 combined with the Maass-Selberg rela- 
tions (|18.5|) . that 

E*{P: sv\ x) =Cp lQ (s: v)E*(Q: v: x), 

for all x £ X and all v £ ia*Q . Now (a) follows by Definition 119. II The linear 
bijection s from ian Q onto iap maps the chosen Lebesgue measures onto each 
other, see Section|5| Hence, for / G C(X: r), 

JpT P f{x)= J E°(P: sv:x)T P f(sv)dv. (21.5) 

Applying (a) and Proposition ll8.1l we obtain that 

E°{P:sv:x)Tpf{sv) = E°(P : sv: x)C° PlQ (s : v)? Q f{v) 
= E°{Q:v:x)F Q f{v). 

Substituting the obtained identity in the right-hand side of Q21.5J I we obtain (b). 
D 
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Remark 21.5 Let P £ P a . Then it follows from part (b) of the above lemma 
that the continuous linear endomorphism JpoTp of C(X: r) depends on P 
through its equivalence class in V a j^ . 

UP £ Pa, we agree to write Wp for the normalizer of ap q in W. Then 
W(a Pq ) ~ W p /Wp. 

Theorem 21.6 Let f £ C(X : r). TTiera 

/ = ^ [W: Wp] JpTpf. 

Remark 21.7 In view of Remark 1 13. 101 this theorem corresponds to part (hi) 
of Thm. 2 in Delorme's paper [21]. Note that in the latter theorem constants 
|W(ttp q )|~\ for P £ P a , appear in place of the constants [W: Wp], This is due 
to a different normalization of measures, as will be explained in the sequel |15j 
to this paper. 

Proof: We observe that [W: Wp]\W{a Pci )\- 1 = \W:W P ), for P £ V a . Since 
every P £ P a is associated with a standard parabolic subgroup, see Lemma l3.6l 
the result now follows from Theorem 12 1.21 Lemma \2 1.31 and Remark 121.51 □ 



22 Properties of the Fourier transforms 

The purpose of this section is to establish relations between the different Fourier 
and wave packet transforms J-p and Jq , as P, Q € P a ■ We shall also determine 
the image of J-p and the kernel of Jq. The relation between the several Fourier 
transforms is given by Lcmma l21.4l fa). 

Lemma 22.1 Let P,Q,R £ V a be associated. Then, for all s £ VF(aQ q |ap q ) 
andt e W{a Rq \a Qq ), 

C° RlP (ts: v) = C° RlQ (t: sv) o Cq {p (s : v), (y £ ia Pq ). 

Proof: The above identity is an immediate consequence of the functional equa- 
tion for the Eisenstein integral, see Proposition 118.11 and the definition of the 
C-function, see Definition 117.61 □ 

In particular, from the above lemma with P = Q — R combined with the 
Maass-Selberg relations, see Theorem 1 18. 31 we see that we may define a unitary 
representation 7p of W(ap q ) in L 2 (ia* Pq ) ® A2,p by 

bp(s)¥>}{v) = Cp|p(« : s -1 fMs -1 J/), (v £ ia Pq ), 

for if £ L 2 (ia P ) (g) Ai,p- The associated collection of VT / (ap q )-invariants in 
L 2 (ia Pq ) ® A 2 ,p is denoted by (L 2 (ia Pq ) (g) A 2 ,p) w{ap ' i) ■ The orthogonal pro- 
jection from the first onto the latter space is denoted by 

P^ (apq) : L 2 (ia Pq ) ® A 2 .p - (L 2 (ia Pq ) ® A 2 .p) W{ap - ] . 
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The intersection of the latter space with S(ia Pc ,)®A2,p consists of the functions 
tp E S(ia* Pq ) (g) Ai,p satisfying 

<p{sv) = C° P]P {s : v)<p(v), (s E H/(a Pq ), u E ia* Pq ), (22.1) 

and is denoted by (S(ia* Pq ) <g> A 2 ,p) w{ap,i) ■ 

Corollary 22.2 Let P E P a . The image ofC(K: r) under the Fourier trans- 
form Tp is contained in the space (S(ia* P ) (g> A.2,p) w ap ' 1 '■ 

Proof: Let / E C(X : r). Then it follows from Lemma l^OT a) with P = Q that 
tp: = T P f satisfies (I2TTJ) . D 

We can now state the first main result of this section. 
Theorem 22.3 Let P,Q eV a - 

(a) If P and Q are not associated, then Tq oJ p = 0. 

(b) If P and Q are associated, then [W: W P ] Tq o J p o Tp = Tq on C(X : t). 

(c) If P and Q are associated, then, for each s E W(a.Q q | Op q ), every y? E 
^(* a p q ) ® -^2 : p a«rf all v E ia Pq , 

FqoJ p <p{sv) = [WrW?]- 1 ^^: v)P ff{ap ,,pM. 

In particular, T P a J P — [W: Wp]^ 1 P W ( ap ^)- 

The proof is analogous to the proof of Theorem 16.6 in JU| , with adaptations 
to deal with the present more general situation. In the course of the proof we 
need two lemmas. The first of these is a straightforward generalization of Lemma 

16.11 in UI3- 

Lemma 22.4 Let P E P a , let fa C q be a 9-stable Carton subspace containing 
ap q and let A E *b* Pc . Then for A in the complement of a finite union of affine 
hyperplanes in a* P c , the map D h-> d[ r y(D : A + • )](A) is surjective from D(X) 
onto ap qc . 

Proof: The proof is a straightforward modification of the proof of Lemma 

16.12 in ^U]. In that proof one should everywhere put ap q in place of o q and 
*bp in place of bk- In particular, 7r a should be replaced by the projection 

7r 0Pq : fa* — > ap along the subspace *b* Pc . D 

The next lemma is a consequence of Lemma ll6.4l which in turn heavily relies 
on the information about the infinitesimal characters of discrete series stated in 
Theorem 116. II 

Lemma 22.5 Let P,QG V a , let fa C q be a 9-stable Cartan subspace containing 
a q and let Ai E Lp(fa, r) and A2 E LQ(fa, r). Let V\ E ia* Pq be such that A1 + Z/1 is 
regular with respect to S(fa), let V2 € * a o q and assume that Ai + v\ and A2 + ^2 
are conjugate under W(b). Then P and Q are associated, and v\ and 1/2 are 
conjugate under W(aQ q | Op q ). 
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Proof: Let s £ W(b) be such that s(Ai + v x ) = A 2 + v 2 . Select vi £ P W 
and v 2 £ ®W such that Ai £ Lp Vl (b,r) and A 2 € lQ„ 2 (b,T). Let (bi,ti) 
and (62, £2) be associated with P, V\ and Q,V%, respectively, as in Lemma^OJ 
Then tiAi + t\V\ and t 2 A 2 + t 2 v 2 are conjugate under t 2 st^ 1 £ W(b 2 | b\). 
It follows by application of |T7|. Lemma 2, that iiOp q = Ad(vi)~ 1 ap q and 
t 2 0-Qq = Ad(v 2 )~ 1 aQ q are conjugate under t 2 st^[ . This implies that s(op q ) — 
a<g q . It follows that s| aj , q G ^(oQq | ap q ), see Lemma 1X71 hence, P ~ Q. It also 
follows by j!7j . Lemma 2, that t 2 sti maps ti^i onto £2^2; hence, sv\ = 1/2- D 

The following lemma collects some properties of the composition Tq o Jp 
needed in the proof of Theorem l22.3l 

Lemma 22.6 Let P,Q £ P a . Then the composition T: — Tq o Jp is a contin- 
uous linear map from S(ia* P ) (g> A 2y p to S(ia.Q ) ® A 2 ,q. Moreover, it satisfies 
the following properties. 

(a) fJ ,{D)oT = To f i{D)forallD£lD{X). 

(b) T maps into (S(ia* Qq ) <g> A 2:Q ) w{a ^ ) . 

Proof: The continuity of T follows from Theorem 120.31 combined with Propo- 
sition ^H)] Property (a) follows from Lemma f20 . 41 combined with Lemma ^SJ 
Finally, (b) follows from Corollary l2~2~2l □ 

Proposition 22.7 Let P, Q £ V a . There exists an open dense W(aQ q ) -invariant 
subset fl C *Qq with the following property. Let T be any continuous linear 
map from S(ia* P ) <8> A 2 ,p to 5(i0g ) <g) A 2i q satisfying the properties of Lemma 

(a) If P and Q are not associated, then T = 0. 

(b) If P and Q are associated and sq £ W(ap q | ciQq), then there exists a 
unique smooth function (3: fl — > Hom(^l2.P, A 2 ,q) such that 

T V (v) = P w{aQ J[3 S *<p)(v), (22.2) 

for all tp £ C^°(s il) ® A 2 .p and v £ il. 

Proof: For every v £ iO-n q , we define the distribution u v £ T>'(ia P ) <g> 
Rom(A 2tP ,A 2: Q) by 

u v (if) = T{ip){v), (<p £ C?(ia Pq ) ® A 2 , P ). 

Then it follows from condition (a) that 

u v oj± p (D)=(t Q (D:v)u v , (BeD(X)). 
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Let now Ai G Lp(b,r) and Vi G -42,p(Ai). Let A 2 G Lg(b,r) and V2 G 
-4-2,q(A2). We define the distribution u„ G £>'(iap ) by v v (f) — (u u (f <grtpi) \ ^2), 
for'/ G C™(ia* Pq ). It follows that 

[76 (D : Ai + • ) - 7b (D : A 2 + v)]v v = 0. (22.3) 

Each element A from the finite set Lg(b,r) is regular with respect to £(rriQ C , *&q), 
see Corollarv ll6.6l Let f^o be the set of v G iOq such that A + v is regular with 
respect to £(b), for every A G Lg(b,r). Then f2o is the complement of a finite 
union of hyperplanes in ia% , hence open dense. 

Let v G flo and let Ai, A2 be as above. Moreover, let v\ G iap q and assume 
that ^ ^ VK(aQ q I ap q )^i. Then by Lemma r22.5l the elements h.\-\-v\ and A 2 + ^ 
are not conjugate under W(b). Hence, there exists a D G D(X) such that the 
polynomial function in front of v v in (|22.3[1 does not vanish at v\ . This implies 
that v v vanishes in a neighborhood of v\. Let <p G C£°(iap q ) ® An.p- Then it 
follows from the above by linearity that T(ip)(v) = u v ((p) = for all v G flo 
with v £ W(aQ q I ap q )supp< < 9. By density and continuity, this implies that the 
function T(<p) vanishes on idg \ W(ttQ q | op q )supp^. Hence, 

supp Tip c W(aQ q I ap q )supp<p. 

If P and Q are not associated, then it follows that the latter set has empty 
interior in ia*Q , hence Tip = by continuity. This establishes (a). 

From now on, we assume that P ~ Q. Then it follows from the above that 

suppu„ c W(a Pq I a Qq )v, (22.4) 

for every v G mQ . 

Let Qj be the set of v G iah q whose stabilizer in W(oQ q ) is trivial. Then fii 
contains the complement of a finite union of hyperplanes in ian q hence is open 
dense in idg q . Since W(<XQ q ) acts simply transitively on W(ap q | aQ q ) from the 
right, we see that if v G fii, the points sv, for s G W{a,p q | OQ q ), are mutually 
different. 

Let f2 2 be the set of [i G iap q such that for every Ai G Lp(b,r) the map 
D h^ d[7b(-D : Ai + • )](/i) is surjective from D(X) onto ap c . Then f2' 2 i s an open 
subset of iap„ containing the complement of a finite union of hyperplanes, see 
Lemma 122.41 It follows that fi 2 = n se ^( apq | clQq )S _1 r2 2 is a similar subset of 
«Og q . We define tt: = tti D ^2- 

Let now v G fl. We claim that the distribution u v has order zero. To prove 
the claim, fix Ai, A2, V'lj ^2 as before, and define v = v v as above. Then by 
linearity, it suffices to show that v has order zero. Since supp (v) C W-^apq 
<XQ q )p, by (|22.4() . it follows by our assumption on fli that we may express v 
uniquely as a sum of distributions v s , for s G W^cipq | ciQ q ), with supp v s C {sis}. 
From i|22.3[l it follows that each v s satisfies the equations 

<p D v. = 0, (D G D(X)), 

where ipn'- «ap q — > C is given by ipr> — Jb(D : Ai + • ) — 7b (D : A + v). 
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It follows from our assumption on f^ that the collection of differentials 
d(fD{sv) 7 for D G ©(X), spans a Pqc . Now apply ^U|j Lemma 16.10, to conclude 
that v s has order zero, for each s G W(ap q | OQ q ). This establishes the claim 
that v v has order zero. 

It also follows from the above that 

u v = Y 5 S v®E a {v), 

with E a {v) a unique element of Hom(A2,p , A% % q) , for s G W(ap q \ a.Q q ). We 
conclude that, for every ip G C%°(ia P ) (8 A2,p and all i/ffi, 

T<p(v) = J2 E 8 {v)ip{sv). (22.5) 

sGW(ap q |0Q q ) 

Fix so G W(ap q | aQ q ). Let z^o G f2. By the assumption on ill there exists an 
open neighborhood U of vq in fi such that the sets sll are mutually disjoint, for 
s G W(ap q | OQ q ). For (p G C%°(soU) <8> «4.2,p we have 

T(if)(v) = E 80 (v)ip(s Q v). 

We conclude that E So is smooth on U. It follows that E Bo G C°°(fi)<g>Hom(.A2,p, -42,q). 
From the above asserted uniqueness of the E s and the transformation property 
of Tip stated in Lemma \2 2 .61 (b), it follows that 

E S0 {tv)=C° Q]Q {t: v)E sot {v), (teW(a Qq )). 

If we combine this with 1)22. 5fl we obtain, for all ip G C£°(sofi) (g> .4.2, p, and all 
v G ft, that 

Ty{v) = Y, C Q\Q(t- v )~ lE so(^Ms tp) = \W(a Qci )\^ w{aQ ^(E 8o s^)(iy). 

*£VK(a Qq ) 

This establishes the result with (3 — \W(aQ q )\E So . D 

Proof of Theorem l22.3l If P ■/ Q, then it follows from Lemma l22.6l combmcd 
with Proposition 12 2 . 71 that Tq o Jp = 0. 

To prove (b) we note that if / G C£°(X: r), then it follows from Theorem 
EQUthat / = £ [Jl]e7V JW:W£] Jk.Fr/. Applying T Q to both sides of this 
equation, it follows by (a) that 

Tqf = [W: W R ] T Q J R T R ! 

for each R G V a with R ~ Q; in particular, we may take R = P. Thus, (b) 
follows by continuity and density. 

We shall first prove (c) under the assumption that P — Q and s = 1. Put 
T = JFp ojp. From Lemma T22. 61 and Proposition 122 . 71 we deduce that 

Ti,(v)=P w(apti) (M)(v), 
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for all tp E C^°(il) £g> A2,p and v E fi; here fi C iop q is an open dense subset, 
and (3 £ C°°(fi) (g) End(_4 2 ,p)- It follows from Lemma I!j0.5I that the operator 
T is symmetric with respect to the L 2 -inner product on S(iap q ) ® .42, p- Let 
(^ e S(ia Pq ) ® .4 2 ,p. Then for all V € C~(0) <g> A 2 .p, 

(Tip \1>) = {<p\ T^j) = (p | P w(Bj , q) (/?V)> = (/3*Pw( Qpq )^ I rl>). 

This implies that, for all ip € 5(ia Pq ) (g) .42, p, ^V = /3*Pw(a Pq )y on ^- Wc 
claim that in fact /3* = [W: W P ]~ l I on Q. 

To prove the claim we note that it follows from the established part (b) with 
P = Q that T P = [W: W P ] TT P . We infer that, for / E C C °°(X : r) and v E fl, 



Tpf{v) -- 


= [W:Wp]TF P f{v) 




= [W:W P }p{v)*P w{ap<i) Tpf{v) 




= [W:W P ]P( V )*T P f{v). 



In the last equality we have used Corollary 122.21 The claim now follows by 
application of Lemma [22.81 below. We infer that for all ip E S(iap q ) <S> Ai, p, 
we have Tip = [W: Wp]' 1 P W ( apc ^ip on ^! hence on ia P , by continuity and 
density. This establishes part (c) of the theorem for P = Q and s — 1. For a 
general pair of associated parabolic subgroups P, Q and a general s E W(ap q | 
ciQq) the assertion follows by application of Lemma|^Q](a). □ 

Lemma 22.8 Let P E V a and let v E ia P have trivial stabilizer in W(ap q ). 
Then f ^ T P f(v) maps C C °°(X: r) onto A 2 . P . 

Proof: The proof is a reduction to the lemma below, in a way completely 
analogous to the proof of JU|> Lemma 16.13. □ 

Lemma 22.9 Let P E V a and let v E ia pQ have trivial stabilizer in W(ap q ). 
Then for every ip E A 2 ,p \ {0}, the Eisenstein integral E°(P: v)tp does not 
vanish identically on X. 

Proof: The proof is completely analogous to the proof of ^UJi Lemma 16.14, 
involving the constant term of the Eisenstein integral along P. □ 

Proposition 22.10 Let P E V a . 

(a) The mapP W i ap ) restricts to a continuous linear projection from S(iap)® 
A 2: p onto (S(ia* P ) (g> A 2: p) w ' apq '. This projection is orthogonal with re- 
spect to the given L 2 -inner product. 

(b) Jp oP W ( ap ^ = J P . 

(c) The kernel of Jp equals the kernel ofPyyr ap y 
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Proof: It follows from Theorem 12231 (c) that Pyy( nPq ) = [W: W P \T P oJ P . 
It now follows from application of Lemma 122.61 that Pw(a P ) is a continuous 
linear endomorphism of S(ia* P ) ® .A2.P, with image contained in (5(zop ) ® 
_4 2 p )W(ap q ) The latter gpace jg con t a ined in (L 2 (iap q )^A 2 ,p) w{apci) , on which 
space Piy(op q ) equals the identity. Hence, Piy(a Pq ) is a projection and (a) readily 
follows. 

Starting from Theorem 122.31 (b) with P = Q, we obtain by taking adjoints 
and applying Lemma 120.51 that 

J P o[W: W P \TpoJp = J P . 

Assertion (b) now follows by application of Theorem l22.3l (c). 

From (b) it follows that ker Piy( aPq ) C ker Jp. The converse inclusion follows 
bv Theorem 12231 (c). □ 

Proposition 22.11 Let P E V a - Then the image of Tp equals (S(ia P ) (g) 
A 2 , P ) W ^\ 

Proof: That im (T P ) C (S(ia Pq ) ® A 2 ,p) w{ap,l) was asserted in Corollarv l22T21 
For the converse inclusion, let tp E (S(ia* P ) ® yl2,p) 14 '' apq ' 1 - Then 

V? = Pw(a P ^ = ^>([W: M^p] Jp<p) E im(^p), 
in view of Thcorem l22.3l (c). D 



23 The spherical Plancherel theorem 

In this final section we establish the Plancherel theorem for functions from 
C(X:t) and L 2 (X : r). If P E V a , then by C P (X : r) we denote the image of the 
operator Jp in C(X: r). 

Theorem 23.1 Lei P E~P a . 

(a) TTie space Cp(X: r) is closed in C(X: r) anrf depends on P EV a through 
its class in V a j^ . 

(b) The spaces ker .Fp and Cp (X : r) are each other 's orthocomplement in 
C(X:r). 

(c) TTie space C(X: r) admits the following finite direct sum decomposition 

C(X:r)= C fl (X:r). (23.1) 

[•R]e7V~ 

TTie summands are mutually orthogonal with respect to the L 2 -inner prod- 
uct on C(X : r). 
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(d) For each P £ V a , the operator \W:Wp]JpoTp is the projection onto 
Cp(X: t) along the remaining summands in the above direct sum. 

Remark 23.2 For the case of the group this result, together with Propositions 
122.101 and 122.111 is a consequence of Harish-Chandra's Plancherel theorem for 
K-iimte Schwartz functions, see Remark ll3.9l and |32|. §27. See also [2, Ch. Ill, 
§1, for a review of the Plancherel theorem for spherical Schwartz functions. 

For general symmetric spaces, the result, together with Propositions 122. IUI 
and 122. ill is equivalent to Thm. 2 in Delorme's paper [23 , in view of Remark 
IT3~TU1 See also Remark I2T7I 

Proof: If Q £ V a , Q ^ P, then, by Theorem [2~2~3l fa). 

T Q =0 on C p {X:t). (23.2) 

In view of Theorem 12 1 . 61 this implies that 

[W: W P ] JpTp = I on C p (X:t). (23.3) 

We infer that C P (X : r) = im {J P T P ). By Remark I2T51 it follows that C P (X : r) 
depends on P through its class in 'P cr /~ . This establishes the second assertion 
of (a). From Theorem 12 1 . 61 we see that C(X : t) is the vector sum of the spaces 
Cr(X: t), for [R] £ V a j ^ ■ To establish the orthogonality of the summands, 
let P,Q £ V a , P ^ Q, let / £ C P ( X: r) and ip £ S{ia* Qa ) ® A 2 ,q. Then 
{I\Jq-4>) = (FQf\4>) = 0, by Lemma EH31 and J2S3- This establishes (c). 
Combining (c) with (|23.2|l and (|23.3(l . we obtain (d). From (c) it follows that 
Cp(X: t) is closed, whence (a). 

It remains to establish (b). From l|23.2|l it follows that ker Tp contains the 
part Co of the sum l|23.1(l consisting of the summands with R ^ P. On the other 
hand, ker Tp n Cp(X : r) = by l|23.3|l and we conclude that ker^p = Co- The 
latter space equals the orthocomplement of CpiX: r), by the orthogonality of 
the sum <J2lTT)l . □ 

We denote by Lp(X: r) the closure in L 2 (X: r) of Cp(X: t). This space 
depends on P through its class in V a j^ . 

Corollary 23.3 The space L 2 (X: r) admits the following orthogonal direct 
sum decomposition into closed subspaces 

L\X:t)= L P {X:r). 

Proof: Since C(X: r) is dense in L 2 (X: r), the result is an immediate conse- 
quence of Theorem 123. II (c). □ 

We recall that a continuous linear map between Hilbert spaces T: Hi — ► H-i is 
called a partial isometry if T is an isometry from (kerT)- 1 into H.2- In particular, 
this means that im T is a closed subspace of H2 ■ 
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Theorem 23.4 Let P eV a . 

(a) The operator Tp extends uniquely to a continuous linear map from L 2 (X : r) 
to L 2 (ia* P ) (g> vA 2j _p, denoted Tp. 

(b) T/ie operator Jp extends uniquely to a continuous linear map from L 2 (ia* P )< 
^2,p ^o L 2 (X: t), denoted Jp. This extension is the adjoint of the ex- 
tended operator Tp. 

(c) The extended operator [W: W P ] l ' 2 Tp is a partial isometry from L 2 (X : r) 
onto the space {L 2 {ia* P ) ® ^42,p) apq , with kernel equal to the ortho- 
complement of L 2 p {X: t). 

(d) The extended operator [W: Wp] 1 ' 2 'Jp is a partial isometry from L 2 (ia* P )® 
-A-2,p onto Lp(X : t) with kernel equal to the orthocomplement of [L 2 (ia* P )(g 

^2,p) W/(aPq) - 

(e) Let P CT C V a be a choice of representatives for the classes in V a j^ . Then 

I=^\W:W&J R F R on L 2 (X:r). 
fieP„ 

Remark 23.5 In view of Remark 1 13. 101 this result corresponds to part (iv) of 
Theorem 2 in [Hj. See also Remark E5~2l 

Proof: Fix P CT as in (e). Let / <E C(X : r). Then it follows from Theorem HQ 
(c) and (d), combined with Lemma [2ED that 

ll/l| 2 = (/l/H 1 Z\W:WS\{f\J R FRf)= J2i W:W n]\\^ff- 
ReP„ fleP„ 

In particular, this equation holds for a choice of P CT with P G P CT . It fol- 
lows that Tp is continuous with respect to the L 2 -topologies. By density of 
C(X: t) in L 2 (X: t), it follows that Tp has a unique continuous linear exten- 
sion L 2 (X : r) — > L 2 (ia Pq ) ® A<2,p- Hence (a). 

Since Jp is the adjoint of Tp with respect to the L 2 -inner products on the 
Schwartz spaces, it follows that the adjoint of the extension of Tp is a continuous 
linear extension of Jp to a continuous linear operator from L 2 (iap ) ® A2,p to 
L 2 (X: t). This extension is unique by density of S(ia P ) in L 2 (ia* P ). This 
proves (b). 

By continuity and density, the formula in (c) follows from Theorem 121.61 
From Theorem |2~3~T1 (b) and (c) it follows that, for R e P CT with R ^ P, 
Tp = on Cr(X : r), hence on L 2 R {X : , r), by continuity and density. Put Tp: = 
[W:Wp]^ 2 T P and Jp: = [W: W P ]^ 2 J P . Using (e) we infer that ker^ P = 
Lp(X: t) and that JpoTp is the orthogonal projection from L 2 (X: r) onto 
Lp(X: t). Since Jp = Tp, it follows that Tp is isometric from Lp(X: t) onto 
imJ-p and that Jp is isometric from im Tp onto LpiX: r). It follows from 
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Theorem l2 2 . 3l and continuity and density that Tp o Jp = PvK(a Pq ) on ^ 2 (* a p q )® 
A2,p- Hence, 

im(^p) =Fp{L%{X: r)) = im (P w(npq) ) = {L 2 {ia P(i ) ® A 2 , P ) W{ap - ] 
and (c) follows. Finally, (d) follows from (c) by taking adjoints. □ 
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